Statistical seriation in non-parametric latent space models: an
efficient and optimal algorithm

Abstract

We consider the problem of statistical seriation where one seeks to estimate the or-
dering between latent positions in [0,1] from pairwise affinities. The observed affinity
between a pair of items is modeled as a noisy observation of a function f(x;,;) of the
latent positions x;,z; of the two items in [0, 1]. The affinity function f is unknown, and
it is only assumed to fulfill some shape constraints ensuring that f(z,y) is large when
the distance between x and y is small, and vice-versa. This non-parametric modeling
offers a good flexibility to fit data. We shall consider an even more general setting where
f fulfills instead a local equivalence between the Euclidean distance in [0, 1] and the so-
called neighborhood distance. We introduce a computationally efficient procedure that
provably recovers the latent ordering of the z;’s with a maximum error of the order of

nlog(n), with high-probability. This rate is proven to be minimax optimal. Our general
result can be instantiated to the 1D localization problem |Giraud et al., 2021], leading to
new bounds for the maximum error in the localization of the x;’s. This answers an open
question raised in |Giraud et al., 2021] about the existence of optimal efficient algorithms.
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1 Introduction

In the seriation problem, one observes similarity measurements between pairs of objects, with
a belief that the similarities are characterized by a latent (unknown) ordering between the
objects. Specifically, close objects along the ordering share high similarities, while distant
objects share relatively low similarities. Seriation then seeks to recover such a latent ordering
from the observed similarities.

1.1 Motivation: Original Seriation Problem and its applications

Originally, this problem has its roots in archaeology, in particular for the chronological or-
dering of graves. Each grave contains artifacts, and the number of common artifacts between



two graves represents their similarity. A high similarity between two graves means that they
should be close in the time line. More broadly, such seriation problems arise in many other
applications where one wants to order a collection of objects {1,...,n}, when observing a
n X n symmetric matrix A = [A;j]i<i j<n, called affinity matrix, which provides similarity
measurements between pairs of objects. These similarity measurements A;; can be real val-
ued scores, or they can be binary pieces of information, as when the matrix A encodes a
network structure.

Other applications include envelope reduction for sparse matrices [Barnard et al., 1995], reads
alignment in de novo sequencing [Garriga et al., 2011} [Recanati et al., 2017], time synchro-
nization in distributed networks [Elson et al., 2004}, |Giridhar and Kumar, 2006], interval graph
identification [Fulkerson and Gross, 1965], or matchmaking problems [Bradley and Terry, 1952].

The principal assumption on the structure of the affinity matrix A is related to the notion of
Robinsonian matrices (also called R-matrices), which are defined as follows. The coefficients
of an R-matrix decrease when moving away from the main diagonal, i.e. each row and column
of the matrix is unimodal, with a maximum lying on the diagonal of the matrix. In practice,
the observed affinity matrix A is a disordered Robinsonian matrix, where the columns and
rows have been randomly permuted, and thus do not coincide with a latent ordering. Seriation

aims at finding a latent ordering 7 : [n] — [n] such that A, = [Aﬂ(i)w(j)]ije[n] is Robinsonian.

It is known that the seriation problem is solved exactly by a spectral algorithm [Atkins et al., 199§,
which computes an eigenvector (v;);c[,) of a matrix related to A. The permutation 7 that
sorts the (Ui)ie[n}7 Le. such that vy(1) < ..., < vg(y), turns out to be a latent ordering of

A. Note that this result of [Atkins et al., 199§] is reminiscent of popular spectral clusterings
[Von Luxburg, 2007], which infer the latent clustering of the data from an eigenvector of a
matrix induced by A.

1.2 Problem: Statistical Seriation in General Latent Space Models

Real-world data are often noisy, and the observation A may not be exactly a disordered
Robinsonian matrix, though its expectation [E A is. In this situation, instead of recovering a
latent ordering 7 perfectly, one aims at building an estimator 7 on the noisy data A which
only recovers 7 up to some estimation error. Because the global error of an estimator 7, say
oy |7 (i) — w(@)|, provides limited information on each individual error |7 (i) — 7 ()|, it is of
practical interest to use instead the maximum error max;—1,_ , |7(i) — 7(7)].

As probabilistic tools, latent space models [Hoff et al., 2002] are widely-used to study pairwise
information data (e.g. networks). In 1D latent space models, the affinity matrix A is assumed
to be sampled as follows. The distribution is parametrized by a 1D metric space (X,d),
some (possibly random) latent positions z1,...,z, € X and an affinity function f : X x
X — R. Then, conditionally on z1,...,x,, the upper-diagonal entries A;; of the affinity
matrix are sampled independently, with conditional mean f(z;, ;). These latent space models
encompass many classical models, such as Robinsonian matrices, random geometric graphs,
graphon models and monotone Toeplitz matrices (see section for these examples).

A simple and general assumption on the affinity f(z;, ;) is to decrease as the metric distance
d(z;, z;) increases. In particular, close points z; and x; share a high affinity, whereas distant
points share a small affinity. The ordering of the latent points x1,...,x, then gives a permu-



tation that makes the observed matrix A almost Robinsonian, or more precisely, the expected
matrix £ A Robinsonian. Indeed, an item i will have a higher affinity with an item j if z; and
x; are close in the metric space (X, d). The permutation 7 induced by the z; will thus reveal
the Robinsonian structure of A. Our aim in this paper is to estimate this permutation 7.

However, even with such a shape assumption on f, which ensures that E A = [f(zi, ;)]i j=1,..n
is a disordered Robinsonian matrix, there is no guarantee that one can detect the Robinsonian
signal in the noisy data A. As an extreme example, one can observe that the constant function
f(x,y) = 1 fulfills this shape assumption, but leaves no hope of recovering any information on
the latent ordering, even in the noiseless case. To circumvent this issue, [Giraud et al., 2021]
introduce a bi-Lipschitz assumption, constraining the decay of f with d. On this non-
parametric class of bi-Lipschitz functions, it is proved in [Giraud et al., 2021] that the optimal

rate of estimation of a latent ordering 7 is max;—1 . |7(i) — 7 (i)| = O ( nlog(n)), when
the z1, ..., 2z, uniformly spread in X.

Unfortunately, the algorithm (for bi-Lipschitz functions) in [Giraud et al., 2021] is mainly
theoretical, since its time-complexity is super polynomial. This left open the following ques-
tions: Is there any polynomial-time algorithm that achieves the optimal rate over
the class of bi-Lipschitz functions ? And when the z;’s do not uniformly spread
on X, is it still possible to achieve this rate ?

A natural idea would be to apply the spectral algorithm of [Atkins et al., 1998]. For instance,
[Giraud et al., 2021 show that such a spectral algorithm works under restrictive assumptions
about the “uniformity” of the signal (f(z;,7;)); je[n), namely that f is geometric (i.e. f(z;, ;)
only depends on the latent positions x;, x; via their distance d(z;, z;)), and that the z;’s form
a uniform sample of X'. This paper and others [Rocha et al., 2018| [Janssen and Smith, 2020,
Cai and Ma, 2022] suggest that spectral algorithms work in such “uniform” restrictive set-
ups, but does not in more general settings, such as non-geometric set-up where f(z;,z;)
varies with the positions z;, z; in X' (even if the distance d(z;,z;) is constant), or where the
T1,...,Ty are not a uniform sample of X.

1.3 Contribution

In the current paper, we recover a latent permutation 7 induced by the latent positions
Z1,...,Tn, with some high-confidence, simultaneously for all indices 7 (i), i = 1,...,n. The
time complexity of our estimator 7 is polynomial, hence the estimator is efficient, which
answers positively the first open question (written above in bold). Specifically, we show
that, for z;’s uniformly spread in the latent space X = [0, 1], endowed with the Euclidean
distance d(z,y) = |z — y|, our estimator & achieves a maximum error max;—i ., |7(i) — ()|
of the order of y/nlog(n), with high-probability. The \/nlog(n)-rate of estimation is shown
to be optimal. In fact, we proves this result under more general assumptions, when f is
not necessarily bi-Lipschitz. Indeed, we assume instead a local equivalence between the
Euclidean distance in X = [0,1] and some distance defined on the columns of the signal
matrix EA = [f(z,2;)]ij=1,..n. The latter distance is defined in and is related to the
so-called neighborhood distance [Lovész, 2012] which was introduced for the random graphs
generated by graphon models [Lovész, 2012].

In order to by-pass the assumption of a uniform spreading of the x;’s and answer the second



open question (written above in bold), we quantify the estimation error of an estimator 7 with
a slightly more general definition of loss, than the max error max;—1, ., |7(¢)—m(7)|. Indeed, we
say that a permutation 7 has an error smaller than ¢,, if there exists a latent ordering 7 such
that, for all 4, j satisfying |z; — ;| > €,, we have the following implication: (i) < 7(j) =
7(1) < w(j). With this new loss, we reformulate the result stated in the previous paragraph
as follows: Our efficient algorithm has the optimal error " := O (\/log(n) /n), when the

x;’s spread uniformly on [0,1]. We then show that a slightly refined algorithm achieves the
same optimal error e, " even when the z;’s do not uniformly spread on [0, 1]. To the best of
our knowledge, this is the first efficient algorithm that achieves the optimal rate of learning in
such a general model, with unknown affinity function f and non-uniform sample x1, ..., x,.
We hope that these mild assumptions help reduce the gap between practice and theory in the

seriation problem.

Our algorithm for ordering the latent points is to proceed to a first partial seriation based
on some estimation of the neighborhood distance, and then to expand this partial order in a
second stage by comparing each pair of indices at a time. Specifically, in the first step, we
estimate the neighborhood distances between latent points using the estimator introduced in
[Issartel, 2021]. We then rely on the local equivalence assumption between the neighborhood
distance and the Euclidean distance to get a rough ordering of the latent positions. Next, in
the second step of the procedure, we compare each pair of items according to their affinities
with the initial rough ordering computed in stage 1.

1.4 Related Literature
1.4.1 Examples of Models

Ezample 1: Random Geometric Graph [Gilbert, 1961}, Penrose, 2003|, Diaz et al., 2020, De Castro et al., 2017
We observe a random graph with n nodes labelled by {1,...,n}. The graph is encoded into

an adjacency matrix A € {0,1}"*", by setting A;; = 1 if there is an edge between nodes i

and j, and A;; = 0 otherwise. Let X be a latent space endowed with a metric d, and let

x1,...,Tn be the latent positions of the nodes in X. The edges are sampled independently,

with probability P[4;; = 1] = g(d(x;,x;)), where g : [0,00) + [0, 1] is a non-increasing func-

tion. When X is one dimensional, this random graph model is an instance of the 1D latent

space model where A;; € {0,1}, and f(xz;, z;) = g(d(z;, z;)).

Ezxample 2: Graphons and f-Random Graphs [Diaconis and Janson, 2007, [Lovasz, 2012]. The
class of f-random graph models, also called graphon models, encompasses all the distributions
on random graphs that are invariant by permutation of nodes. It is parametrized by the set of
measurable functions f : [0, 1] x [0, 1] — [0, 1]. The adjacency matrix A of the graph is sampled
as follows. First, n latent positions z1,...,z, are sampled i.i.d. uniformly on [0,1]. Then,
conditionally on z1, ..., z,, the edges are sampled independently, with conditional probability
P[A;; = 1|z1,...,2n] = f(xs,2j). The f-random graph model is then an instance of 1D
latent space model where A;; € {0,1}, and X = [0,1]. Unless some additional constraints
are imposed on the shape of f, the affinity f(z;,2;) may vary arbitrarily with the distance
i — ]

Ezample 3: Robinsonian Matrices. A Robinsonian matrix (a.k.a. R-matrix) is any symmetric



matrix B € R™" whose entries decrease when moving away from the diagonal, i.e. such that
Bij > Biy1j and B;j > B; 1, for all 1 < j <4 < n. A matrix F' is called a disordered
R-matrix, when there exists a permutation 7 : [n] — [n] such that Fr = [Fr)xjlij 18
an R-matrix. The noisy seriation problem [Fogel et al., 2013] amounts to find, from a noisy
observation of a disordered R-matrix F', a permutation 7 such that F; is an R-matrix. This
problem can be recast in the latent space terminology using the latent space X = [0, 1],
with latent positions z; = m71(i)/n and the affinity function f(x;,x;) = F;;. Since Fy
is an R-matrix, the function f(z,4),Zx;)) = f(i/n,j/n) is decreasing with the distance
(i) — Tr(j] = li = Jl/n.

Ezample 4: Monotone Toeplitz Matriz: Given one monotone vector 8y > 61 > ... > 0,1, a
monotone Toeplitz matrix is defined by ©;; = 0|_;_1)4(j—1)|, %, J € [n]. A matrix F' is called
a disordered monotone Toeplitz matrix, when there exists a permutation 7 of {1,...,n},
such that Fr = [Fr()x(j)lij is a monotone Toeplitz matrix. The noisy seriation problem
[Cai and Ma, 2022] amounts to find, from a noisy observation of a disordered monotone
Toeplitz matrix F', a permutation 7 such that F is a monotone Toeplitz matrix. Once again,
this model can be recast in the latent space terminology using X = [0, 1], and z; = 7~1(3)/n
and the affinity function f(x;,x;) = Fi ;.

1.4.2 Related Statistical Seriation

Geometric Setting. The geometric setting is characterized by an affinity function f(z,y) =
g(d(z,y)),for some real function g : [0,00) — R. Hence, the interaction f(x;,x;) only depends
on latent positions x;, z; via their distance d(z;, z;). For statistical seriation in such geometric
models, see [Giraud et al., 2021}, section 4] and |[Natik and Smith, 2021] which study spectral
algorithms in line with the original spectral solution of [Atkins et al., 199§|. In fact, the pa-
pers [Rocha et al., 2018|[Janssen and Smith, 2020, |Giraud et al., 2021}, |Cai and Ma, 2022] on
statistical seriation suggest that such spectral methods will not successfully recover the latent
ordering in more general models where the setting is not geometric, i.e. when the interaction
f(zi,z;) depends on the positions z;,z; in X. In the current paper, we investigate such
general models that are not (necessarily) geometric.

Monotone Toeplitz Matrix. For statistical seriation in disordered monotone Toeplitz
matrices, see [Cai and Ma, 2022]. These matrices have been discussed in Example 4 above.
A peculiarity of this class of matrices is that the latent order of an object i correlates with
the sum of its interactions (Fj;);c[,- Indeed, for an object located at an extremity of a
monotone Toeplitz matrix, this sum is relatively low. The efficient algorithm proposed in
[Cai and Ma, 2022] leverages this peculiarity to recover the latent ordering, and thus is specific
to monotone Toeplitz matrices. Unfortunately, such algorithms will not perform well in more
general models, such as the ones we consider in the current paper.

NOTATION: We write [n] the set of integers {1,...,n}. Given a square matrix F of size n xn
and a permutation  : [n] — [n], we denote the permuted matrix [Fr()x()] 1<ij<n by F. We
write |F'|oo = max |Fj;| the maximum norm of F. For any finite set R, we denote its cardinal

’

number by #R.



2 Statistical Seriation in Non-Parametric Latent Space Model

2.1 The Model

We observe a realization of a symmetric random matrix A € R™*™, whose values on the
diagonal are A;; = 0. We denote by F;; = E[A;;] the mean value of A;; and by E;; = A;; — F;;
the centered random fluctuation. We assume that A has been generated by a latent space
model on [0, 1]: there exist z1,...,x, € [0,1] and a function f : [0, 1] x [0,1] — R such that
Fij = f(xi,xj), so

Aij = Fz'j + Ez‘j = f(xi,a:j) + Eij; for 1<i<j<n. (1)

Both the function f and the latent positions x1, ..., z, are unknown. We emphasize that the
latent positions x1,...,z, are assumed to be ﬁxedﬂ Let us describe our assumptions on the
spreading of the latent positions w1, ..., zy,, the shape of f, and the random fluctuations F;;.

2.1.1 Shape of the Affinity Function

As explained in the introduction, we have in mind that f(z,y) decreases with the Euclidean
distance | — y|. Since there is no hope to recover a latent ordering = : [n] — [n] when
the function f is flat, a natural idea is to impose a minimal decreasing of f(x,y) with the
distance |x — y|. In the related problem of latent positions localization |[Giraud et al., 2021],
the authors also require some Lipschitz continuity of f in their analysis. These two conditions
on f are enforced by the Bi-Lipschitz condition described below.

Definition 2.1. Bi-Lipschitz functions. [Giraud et al., 2021 For any fized constants 0 <
a < B, let BLla, 8] be the set of all functions f :[0,1] x [0,1] — R that are symmetric (i.e.
f(z,y) = f(y,x) for all x,y € [0,1]) and that satisfy the two following conditions for all
z,y,y € 10,1],

|f($7 y) - f(xv y/)|
f(l',y,) - f(:E?y)

y—v ;
(lz—yl—lz—y]) if lz—yl>]z—y].

B
a

<
>

The first condition enforces Lipschitz continuity and the second one enforces a minimal de-
creasing of f(z,y) with [z —y[. In the geometric case f(z,y) = g(|z — y[) with g : [0,1] = R
continuously differentiable, these conditions hold when —f < ¢/(t) < —a for all ¢ € [0, 1].

The non-parametric assumption f € BL|a, B], with 0 < & < 3, is simple to interpret and
also offers a good flexibility to fit the data. However, it may be naive to assume such a
constraint on each pairwise interaction f(z;,z;), i,j € [n], ¢ # j, so we shall instead consider
the following set of three assumptions , and .

Latent Robinsonian Structure. A symmetric matrix B := [Bjj],_ ; .., € R"*" is Robin-
sonian, if its coefficients decrease when moving away from the diagonal, i.e. if for any
0 <1< j<mn,onehas Bj, — By, <0 for all k& < ¢, and Bj, — By, > 0 for all & > j.

Lif they were random, our results would apply conditionally on the sampling of z1, ..., Z,.



As discussed earlier, the seriation problem consists of ordering a disordered Robinsonian ma-
trix (when the rows and columns are not indexed according to the latent ordering). We shall
assume accordingly that the signal matrix F' = [F;], ; o, = [f (@, 2;5)]; e[n) 18 @ disordered
Robinsonian matrix, where the latent ordering is the one induced by the latent positions
Z1,...,Tn. This constraint is encapsulated in the following definition of latent Robinsonian
structure.

Definition 2.2. Latent Robinsonian Structure. The symmetric matriz [Fj;], i<n =
[f (i, J:J')]i,je[n} has a latent Robinsonian structure if, for any 0 < x; < x; <1, -

Fjj, — Fi, <0 for all x;, <z, and Fj, — Fy, > 0 for all x3, > x5 . (2)

Hence, for a symmetric matrix F' having a latent Robinsonian structure , there exists a
permutation 7 : [n] — [n] such that Fy := [Fy()q()] 1<i j<n 1 Robinsonian. This permutation
is either the one induced by (1) < ... < Tn(y) or its reverse 77¢(-) = m(n — - + 1) which

Satisﬁes :L'ﬂ-rev(l) >0 > fﬂ-rev(n).

Note that the latent Robinsonian structure is implied by the bi-Lipschitz definition
hence it is more general than the bi-Lipschitz condition. Besides, the definition allows F};
to depend on the positions z; of individuals, hence it encompasses the particular case of the
geometric model Fy; = f(|z; —x;|) that only depends on the distances. In fact, the definition
does not even imply that close individuals have a higher affinity than distant people. For
example, when |z; — x| > |z; — 25|, the individual ¢ may still have a higher affinity with &
than j, whenever j, k are on different sides of i (e.g. xp < z; < xg).

Local equivalence between the neighborhood distance and the Euclidean distance.
A key object for analyzing interaction data in latent space models is the neighborhood distance
[Lovész, 2012):

n

1/2
dnp(i,7) = (; Z(F’ - Fj3)2> , for 4,5€][n], (3)

(=1

where the quantity d,;(7, j) may be interpreted as measuring the propensity of two individuals
1, j to interact with similar individuals. We assume the following “local equivalence” between
the neighborhood distance and the Euclidean distance on [0, 1]: There exists a radius
R > 0 such that, for all 4, j € [n] satisfying |z; — x| A dyp(i,j) < R,

alr; — i < dpp(i, j) < Blzg — x4 . (4)

We emphasize that this equivalence is only assumed at a local level, where the distances
|z; — x| A dpp(i, j) are smaller than a radius R. Our analysis will go back and forth between
the interactions [Fjj] of individuals ¢ and their latent features z; € [0, 1], via the local
relation (4)).

JEM]

Remark that, for a bi-Lipschitz function f € BL|a, B] and a signal Fj; = f(z;,2;), one gets
dp(i,7) < Bla; — z;|, using the triangle inequality. And similarly, one derives &'|z; — x| <
dnp(i,j) for some numerical constant & € (0,&), when the x1,...,z, spread uniformly in
[0,1]. In this sense, the local distance equivalence (4)) is implied by the bi-Lipschitz condition.



Strong Robinsonian signal. In the noisy set-up , the signal [Fij]lg,i,jgn may be com-
pletely buried under the noise [Eyl,_ ; ;... Even with a latent Robinsonian structure @,
the matrix F' may be too “flat” to expect any recovery of the latent ordering. To exclude this
pathological case, it is natural to assume that, for any pair ¢, of individuals, say z; < x;,
there is a difference in their affinities with individuals xj in [0, z;], who are more similar
to x; than x;. The same should hold for z; with individuals z in [z;,1]. Formally, let
p,p" € (0,1/4) such that, for all ¢, j satisfying |z; — z;| < p and x; < z;, we have

> Fu— Fu 2 plei—zjln, i 2> 1/2 - p/2 (5)

k: zp<z;i—p'

Z F}k—EanR]xi—xj\n, if mj§1/2+p/2.
k: xp>xi4+p

The condition (5 ensures that, at least in some regions [0, z; — p] or [x; + o/, 1] of the space
[0,1], the cumulative interactions of ¢ and j are at a distance greater than ng|x; — x;|, which
is the Euclidean distance between ¢ and j, times a parameter ng representing the strength of
the Robinsonian signal. We emphasize that this assumption is local as it only concerns close
points z;,z; (at Euclidean distance at most p).

Note that, if the affinity function f is a bi-Lipschitz function in BL[&, 5], then the matrix
of coefficients Fy; = f(x;,x;) satisfies for some numerical constant ngr € (0,&), provided
that the z; spread uniformly on [0, 1].

2.1.2 Spreading of the Latent Positions

When latent positions x1, ..., x, are gathered in few groups in the latent space [0, 1], the signal
matrix F = [f (2, 2;)]; ; e 18 (almost) piece-wise constant and such data are well-studied in
clustering problems. By contrast, the latent positions are well spread over the latent space
in the seriation problem. Besides, a common assumption in the literature on latent space
models is that the z1,..., 2, is a uniform sample of [0,1]. Although this uniform spreading
assumption makes sense in the seriation problem, it is also restrictive as it does not cover
many applications (e.g. in pair-matching problems). Hence, to relax this uniform spreading

assumption, we only assume that the x1, ..., x, cover all segments of length greater than 7; :
sup min |z — ;] <7y . (6)
z€[0,1] €[]
The quantity 7, € [0, 1] thus represents some (spatial) sparsity of the sample x1, ..., z,.

2.1.3 Other Assumptions

Upper bound on the signal. Assume that there exists a constant M > 0 such that

Fleg 1= max | F(a.) < M . ")

i,J€[

Sub-Gaussian noise. We assume that the entries F;; for 1 < i < j < n of the noise
matrix are independent and follow a sub-Gaussian(1) distribution. It means that, for any



matrix B € R™*™ and any real number ¢ > 0, we have
P Z BijEij >t Z Bl < e /2. (8
1<i<j<n 1<i<j<n

2.2 Objective and Results

~—

For a symmetric matrix F' having a latent Robinsonian structure , there exists a permu-
tation 7 : [n] — [n] such that F := [Fﬁ(i)ﬁ(j)}l <ij<n is Robinsonian. This permutation is
either the one induced by (1) < ... < Zr(,) or its reverse 77°V(-) = m(n — - + 1) satisfying
Tprev(1) >« .. > Trrev(y). We use accordingly the following definition of correct permutation.

Definition 2.3 (Correct Permutation). Let z1,...,x, be n points in [0,1]. We say that a

permutation 7 : [n] — [n] is correct for the latent points x1,...,x,, when it satisfies either
Vi,j € [n]: {; <z} «— {m(i) <m(4)} ,

or
Vi,j € [n]: {z; > z;} «— {m (i) < 7(j)} .

In other words, 7 satisfies xr—1(1) < ... < Tp-1(y) OT the TevErse To—1(1) > ... > Tr—1(y)-

Our objective in this paper is to estimate a correct permutation from the observed matrix A
defined in . Because A is a noisy observation of F', there is no hope of recovering exactly
a correct permutation, hence this seriation problem requires a definition of estimation error
for any estimator ﬁﬂ As discussed in the introduction, we choose a slightly more general
definition than the maximum error max;—; ., |7(¢) — 7(7)|, in order to handle the situation
where z1,...,x, is a non-uniform sample of [0, 1].

Definition 2.4 (Estimation Error). A permutation © has an (estimation) error smaller than
€n, if there exists a correct permutation m such that, for all i,j satisfying |z; — x| > €,, we
have the following implication: ©(i) < 7(j) = 7(i) < 7(j).

Remark: in general, the latent positions x1, ..., x, are not identifiable from the observation
A. This comes from the mean F = E A itself which can be induced by many different
representations (z1,..., Ty, f). For a detailed discussion about the representations of F' and
their non-identifiability, please consult |Giraud et al., 2021} section 2.2]. To be precise about
the performance of a procedure 7, one should refine Definition [2.4] by considering the class of
representations of F', then taking a representation (x1, . .., z,, f) that minimizes the error €,, of
7. Since a formal treatment of representations would be cumbersome and not meaningful for
the current problem of estimation, we simply consider a fixed representation (z1, ..., Z,, f) in
the sequel. For a special care of the non-identifiability of representations, the interested reader
may refer to the work |Giraud et al., 2021] on the estimation of latent positions x1, ..., zy,.

2An estimator is a function whose input is the observation A, and output is a permutation 7 : [n] — [n].
For simplicity, we denote the estimator itself by 7.
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Although the goal is to estimate a correct permutation, most of our analysis will concern
comparison functions h : [n] x [n] — {—1,0,1}. In this convenient detour, also used by
[Janssen and Smith, 2020], a comparison function h is closely related to a permutation 7, if
h is a good approximation of the following comparison function:

(21 i) < 7 ()
fix (1, 7) :{ L i) > 2() . ©)

Conversely, a comparison function h naturally leads to the following permutation 7y:

Su(i) = ) h(i,j)

JEM]
(i) =#{jenl: Su(j) <Su@)} , (10)

where the ties of S}, are handled arbitrary, so that 7, is a permutation. Observe that m, = .
In line with Definition [2.4], we introduce the following definitions of correctness and error for
a comparison function.

Definition 2.5. eWe say that a comparison function h : [n] x [n] — {—1,0,1} is correct, if
there exists a correct permutation 7 : [n| — [n] such that, for all i, 7,

h(Z,j) =1- 21ﬂ(i)<7r(j) : (11)

e A comparison function h has an error smaller than ey, if it fulfills for alli,j satisfying
|zi — | > €p.

As an intermediate result, Theorem deals with the estimation of a correct comparison
function. Specifically, the two-step seriation algorithm described in section [3| takes the data
A as input, and then outputs a comparison function h. The accuracy of h is guaranteed by
the next theorem.

Theorem 2.6. We assume that the observed matriz A is generated by the noisy model
where the signal matriz F' has a latent Robinsonian structure . We also assume that the five
hypotheses to hold, and that the model parameters «, 8,ns, R, p, p' and the algorithm
parameters 0,01, 02,93, L satisfy some conditions (to be specified later). Then, with probability

higher than 1 — 5/n, the comparison function h has an error less than :]—g @.

Let us give a reformulation of Theorem There exists a correct comparison function h,
such that, with high probability, the output A of the two-step seriation algorithm satisfies

10 /1 i
vijeln]: |mi—a > 22008 iy = ng)

In the next section, we describe the two-step seriation algorithm and give theoretical guaran-
tees for each part of the algorithm. Theorem will follow directly from these guarantees.

We use the comparison function h and the relation to define the following estimator

= (12)
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of a correct permutation. We show in section that 7 inherits the same accuracy as that
of h, when the spatial sparsity 7, in @ is small, and more precisely when 7 is smaller than

0] (ngl Vlog(n)/ n) Unfortunately, there is no guarantee for 7 to be as small as that. Hence,

in order to remove this strong dependence on 7, we add an algorithmic step to 7 and get
a refined estimator 7,..y. The next corollary ensures that the accuracy of 7,y is almost the
same as that of h, (almost) independently of the value of 7;.

Corollary 2.7. Under the assumptions of Theorem the permutation 7.y defined in
section has an error less than 727—2 M, with probability at least 1 —5/n.

n

Corollary 2.7 follows from Theorem [2.6] and the analysis done in section [3.3]

We show in section 4| that the error 3—2 @ is optimal (in the minimax sense).

1D Localization. Let us consider the 1D Localization problem introduced in [Giraud et al., 2021],
and more specifically its counterpart on the latent space X = [0, 1] (instead of X = the unit

sphere C of R? as in their paper). The objective is to estimate all the positions z1,...,z, in
maximum error max |Z; — x;| A max |Z; — (1 — z;)|. Here, the minimum allows to handle the
i,j€[n] i,5€[n]

identifiability issue coming from the map = — 1 — z on the latent positions z; in [0, 1].

In this 1D Localization problem, the observed affinity matrix A is assumed to be generated
by the noisy model , the z;’s to form a uniform sample of [0, 1], and the affinity function f
to belong to the class BL[a, B] of bi-Lipschitz functions (of Definition , where 0 < a < B
are any numerical constants. It was proved in [Giraud et al., 2021] that the optimal rate of

localization in maximum error is O ( log(n)/ n), when the latent space X is the unit sphere

C of R2. Unfortunately, their optimal algorithm has a super-polynomial time-complexity and
thus is mainly theoretical. An open question raised in their paper was whether there exists an
optimal efficient algorithm for this localization problem. We answer positively this question
in the sequel. (Remark: our latent space X is not the same as in their paper, but we think
that the optimal rates are the same in both situations X = [0,1] and & = C. Indeed, for
the localization problem in X = [0, 1], it should be easy to prove that any estimator has
a maximum error of localization greater than y/log(n)/n (up to a multiplicative numerical
constant), e.g. by adapting the proof of [Giraud et al., 2021] for X = C).

We could apply the refined estimator 7., but since the latent positions uniformly spread in
[0, 1], it is sufficient to apply the simpler estimator and get an estimation 7 of a correct
ordering, with an error analyzed in Corollary From this estimation, we can derive the
estimators &1, ..., &, by setting &; = 7(i)/n fori =1,... ,n.

Corollary 2.8. Let &, BN be any numerical constants. Assume that the observed matrix A is

generated by the noisy model with sub-Gaussian noise , and that the affinity function

f belongs to the class BE[&,B] of bi-Lipschitz functions, and that the x;’s form a uniform

sample of [0,1], and that holds for some numerical constant M > 0. Then, there exists a

constant Cg, depending only on &, such that, with probability at least 1 — 6/n, we have
log(n)

max |Z; — x| A max |T; — (1 — ;)| < Ca| —— .
i,j€[n] i,j€[n] n

12



Corollary [2.8 follows from an application of Corollary [3.7] which guarantees some performance
of 7. For details, a sketch of proof of Corollary 2.8]is written in appendix

3 Two-Step Seriation Algorithm

The recipe for ordering the latent points is to proceed to a first partial seriation based on the
neighborhood distance and then to expand the partial order in a second stage using the
strong Robinsonian signal .

Stage 1:

(i) Distance Estimation: We know from [Issartel, 2021] how to estimate d,,; with maximum
error |dpp—dpp|oo < 6 1= O (v/Bns + (log(n)/n)1/4) under the assumption (6] on the spreading
of latent points, and the assumption on the local distance equivalence. We simply denote
the neighborhood distance d,; by d in the rest of the paper.

(ii) Local Partitioning: If the neighborhood distance d is locally equivalent to the Euclidean
distance as in , then for each x; we will be able to split apart the points at (Euclidean)
distance at least O(9) of x; into two groups: those smaller than z; and those larger than x;.
(iii) Consensus: By symmetry, we are not able to know which one the two groups is on
the left of x; and which one is on the right in [0,1]. So we choose arbitrarily a direction,
but this choice must be coherent between the n partitions made at each i € [n]. Hence, we
apply a consensus step to get a partial order, which compares (without mistakes) all points
at (Euclidean) distance larger than O(¢). In other words, we output a comparison function
h with an error less than O(6).

Stage 2:

In a second stage, we use the latent Robinsonian structure and the strong Robinsonian
signal in order to expand the partial ordering to points at (Euclidean) distance as close
as O((ng'+/log(n)/n) A §). This expansion is performed by testing sums based on the initial
(partial) order of stage 1.

Throughout the section [3, we assume that the observed matriz A is generated by the noisy

model A;j = Fi; + E;j introduced in , with Fyj = f(x4,2;) having a latent Robinsonian
structure as in . These assumptions are implicit in each proposition of section @

3.1 Stage 1: a First (non-optimal) Seriation based on Neighborhood Dis-
tance

Stage 1 is a threefold procedure where we (i) estimate the latent distances, (ii) proceed to a
local partitioning for each 4, (iii) give a common orientation to these partitions.

3.1.1 Distance Estimation
Recall that the neighborhood distance d,; is simply denoted by d in the sequel. We shall

estimate it using the distance estimator d introduced in [Issartel, 2021, Eq.(11)]. Hereafter,
we call distance estimation (DE) algorithm, the data driven procedure in [Issartel, 2021] that
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outputs the distance estimates [J(z, j)] .

i,j€(n]
Proposition 3.1. We assume that the signal bound , the positions spreading @, the local
distance equivalence and the sub-Gaussian condition hold. Also assume that ns < R.
Then, with probability at least 1 — 1/n>, the mazimum error of d is upper bounded by

max
i,5€[n]

n

] 1
dQ(i»J)—dQ(i,j)( <C <Mﬁ775+(1\/M) Og(”)>
for some numerical constant C' > 0.

For a proof of Proposition see appendix It follows from Proposition [3.1] that

n

R 1 1/4
ld—de < 6:=VC ( MBns + (1VVM) (Og(”)) ) (13)
with probability higher than 1 — 1/n3.

3.1.2 Local Partitioning (or local comparison)

Local Partitioning (LP)

Input: the matrix [ci(z, j)} of distance estimates, and some real numbers
- 1<i,j<n
01, 02,03 > 0.

1. Build a graph G; of nodes {1,...,n} as follows: link all k,¢ € [n] \ {i}
fulfilling X X X
d(k,0) <61 and d(i k) Vd(i,0) > s . (14)

2. Output all connected components C!(i),C%(i),... including at least one
point x such that

~

d(xk,xl) Z (53 .

For the sake of brevity, we use the equivalence k <— xj, between an index k and its associated
point x, for instance saying that “a point x belongs to a connected component of G;” (though
it is, strictly speaking, k that belongs to G;).

Proposition 3.2. Assume that the local distance-equivalence and the spreading @ of
latent positions hold and that

Ns V (04 01) V (62 + )
1A« '

B0 tpn . H2i+oGiee) . R>

Then, conditionally to the event \ci— d|loo < 6, the following statements hold for any i € [n]
and p = (02 + ) /a:
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1. all points of a connected component of G; are on the same side of i;

2. all the xy such that xy < x; — p (resp. xy > z; + p) are in a same connected component
linking points all on the same side of x;.

In addition if ns < 1/4 and 6 + Bp < 63 < (RN (a/4)) — 0, then

3. there exist at least one, and at most two, non-empty connected components C*(i), C%(i),
including points xj, such that d(k,i) > d3.

At this stage, under the above assumptions, there exists for each G;, at least one, and at most
two, non-empty connected components C!(i) and C2(i) output by the LP algorithm. If C*(4)
for some ¢ € [2] is non-empty, then C*(i) is on one side of x; and includes (possibly among
others) the points at Euclidean distance at least p of z;. The proof of Proposition is in

appendix

3.1.3 Consensus among all Local Comparisons

It is now time to give a common orientation to the n partial orderings induced by the n
pairs of components C1(i), C(i), i € [n]. Note that C?(i) may be the empty set. We use the
consensus algorithm (CA) described below. If one of the steps of CA fails, then break (it will
not happen under the event |ci — d|oo < &, which occurs with probability at least 1 — 1/n3).

Consensus algorithm (CA)

Input: the connected components [Ck (2)] output by the LP algorithm.

ke[2),i€[n]

1. choose a point i* having 2 non-empty connected components C*(i*), C?(i*)
of size at least [n;!/4] each. Choose an arbitrary sign: set C~(i*) = C'(i*)
and O (i*) = C2(i*).

2. fori=1,...,n and 1i#i*:

e if G; has a single connected component C!(3), then: if i € C¢(i*) for
some € € {—,+}, set C~¢(i) = C'(i) and C(i) = 0.
e if G; has two connected components, then: if C¥(i) N C*(i

some € € {—,+}, k € [2], set C7¢(i) = C*(i) and C*(4)
K £k K e 2).

@ for
(i) for

/

")
C

Proposition 3.3. We assume that the hypotheses of Prgposition hold and that ns < p <
1/8 and 05+0 < RA(«/8). Conditionally to the event |d —d|s < §, the consensus algorithm
runs. With no loss of generality, we can assume that

argmin  z;
i€C— (i )UCH (%)
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belongs to C~(i*), otherwise switch the labels € € {—,+} of C°(i*). Then, the following
inequalities hold for all i € [n],

VkGC*(i),Vk’G(fr(z’): T < T; < Tgr .
The proof of Proposition can be found in appendix

3.1.4 Comparison Function Estimator

The connected components produced by the CA algorithm are inputs for the CFI algorithm
presented below, which will output a comparison function A whose accuracy is controlled by

Proposition

Comparison Function Implementation (CFI)

Input: the connected components [C“(i)].cq_ 43 e, Output by the CA algo-
rithm.

1. fori,5=1,...,n, with ¢ < j:

e if j € C(i), then set ﬁ(i,j) = —el, otherwise set ﬁ(i,j) =0.
o if iz(z',j) =0 and i € C(j), then set ﬁ(i,j) =el.

2. fori,j=1,...,n, with i > j: set h(i,j) = —h(j,i).

3. fori=1,...,n: set ﬁ(z,z) =0.

Proposition 3.4. We assume that the hypotheses of Proposition[3.9 and[3.5 Then, condi-
tionally to the event |dnp — dpploo < 0, the CFI algorithm outputs a comparison function h
that has an error smaller than p.

The proof of Proposition is written in appendix

3.2 Stage 2: Expansion of the Comparison Function Estimator

In the second stage, we want to compare the pairs 7, j that have not been successfully deter-
mined in the first stage, that is, those satisfying iL(z, j) = 0 after the call to the CFT algorithm.
By Proposition such pairs of points are at distance less than |z; — x| < p. Our objective
is to reduce this distance to (¢/ngr)+y/log(n)/n. With the assumption in mind, one might
think about the natural test below:

If the inequality

max Y e(Aj, — Ay) > Ly/nlog(n) (15)
S 0

holds, then it is very likely that z; > x;, and we set B(z, j) = —1. Unfortunately, such a test
may have cumbersome statistical dependencies with the first stage, as the terms A;; — A in
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the sum have already been used for the construction of C(7) (over which the sum is). To
avoid these complications when comparing two indices i, j, we use the CE algorithm described
below, which will go through the first stage again, but with proxy data A_; ;) which have
removed the i*", j*" lines of A. Thus, using the square matrix [Ay] stcln) instead of A will
remove the dependency between stage 1 and 2. 7

The CE algorithm runs the same (DE and LP) algorithms as before, but without the points
x;, ;. Accordingly, our analysis will use Propositions once again, but with respect to
A_i j)- The notations used earlier for A have the following counterparts for A_; ;): Denote by
d_; ;) the neighborhood distance based on F_; ;), and by dA_(m-) the distance estimator
built by the DE algorithm from A_(; ;). For k = 1,...,n and k # 4,7, write Ci(i’j)(k),

C? (i.f) (k) the connected components output by the LP algorithm, when the using input d—(z}j)'

17



Comparaison Expansion (CE)

Input: data matrix A, the connected components C(i), € € {—,+}, i € [n] out-
put by the CA algorithm, and the estimator h computed by the CFI algorithm.

Fori=1,...,n:
o If CT(i)UC~ (i) = 0, then break.

e For e = — + such that C¢(i) # (), compute

i€ € arg min d(i,j) .
JECH(), st d(i.j)>d3

e For j=1,...,n such that j # i and h(i,j) = 0:

1. Compute the distance estimator az_(m-) using DE algorithm on A_
2. For ¢ = —, + such that C¢(i) # :
(a) Compute C{( )(ie), ¢ € [2], calling to LP algorithm with input

i)

1,J
d—(i,j)-
(b) Denote by Ce_(i,j)(ie) the component Cf(i’j) (i), £ € [2], contained
in C(1).
3. If
Jax > €(Ajp — Aip) = Ly/nlog(n) (16)

KECE ;1) (i)

then set h(i, j) = —1 and h(j, i) = 1.
4. Otherwise: if

max Z e(Air — Aji) > L/nlog(n) (17)

e€{—,+} kGCE_(i j)(ie)

then set h(i, j) = 1 and h(j,i) = —1.

A sum over an empty set is by convention equal to zero. Specifically in point 3 and 4 above,
we set Zkec‘f_(m(ie) e(Ajr — Aix) = 0 when C° , (i) = 0.

Proposition 3.5. Assume that the Robinsonian properties @ and @, the sub-Gaussian
noise and the hypotheses of Proposition (md hold. Also assume that

63 > PBp+9 , RZ> (p+mns)V (63 + 30+ Bns) ,
a>8(03+9) , 8ns < 1,

1
p<p <7, 2003430+ 06n) <ol —p) .

Then, conditionally to the event |d — d|os V MaX; jenl,iz |d—( dA_(i7j)|oo < 4, the CE

J) T
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algorithm runs. Additionally, with probability higher than 1 — 4/n and for L > 4, it outputs

. . . 1
a comparison function h having an error less than 7% %(").

Proposition [3.5] is proved in appendix
The probability of having

d—dlooV max |d_;n—d_ (| >0
| | i,je[n],i;éj‘ (i,9) (,J)’

is at most 1/n (this follows from a union bound and Proposition . Hence, the conclusion
of Proposition holds with probability at least 1 —5/n. Theorem follows, taking L = 5.

3.3 From Comparison Function to Permutation

For any comparison function h, recall that one can define a permutation 7, from A as follows:

Sp(i) = > h(i, j)

JEMN]

m(i) =#{j € nl:  Su(j) < Sul(d)} (18)

breaking ties arbitrarily (whenever S;, does not take different values), so that 7y, is a per-
mutation of [n]. The following lemma ensures that 7, is almost as accurate as h, when the
sample sparsity 75 is small.

Lemma 3.6. Assume that the positions spreading @ holds. Then, for any comparison
function h with an error less than v, the permutation m, in has an error less than
2v + ;.

The proof of Lemma [3.6] is written in appendix
Hence, we can use the output h of section [3| and the relation (18) to define the permutation

7t := m;,. The error of h is smaller than 717—12 % by Theorem so Lemma yields the
following corollary.

Corollary 3.7. Under the assumptions of Theorem the permutation 7 := m; has an

error less than 2—2 % + ns, with probability at least 1 —5/n.

In Corollary there are two error terms: the first term 7, represents the spatial sparsity
of the latent points 1, ..., 2, in [0,1]. This term can be much greater than the second term

2—2 % which is small when the Robinsonian signal strength ng is large. It is therefore

important to remove the additional error term 7, in Corollary We do it using an extra
algorithmic step which breaks the ties of S; in a non arbitrary fashion.
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Permutation Estimator (PE)

Input: comparison function h.
Set Sp(i) = > e A4, ) for all i € [n].

Set gn(i) = #{j € [n] :  Sh(j) < Sp(i)} for all i € [n]. [
For k=1,...,n,set C} = #g,;l(k‘) and define a permutation m,.; as follows:

o if C =1, set mes (g, (k) = k.

e if C) = 2, then there exist s,t € g,?l(k:), s # t, such that h(s,t) € {0,—1}.
Set Tper (s) =k — 1 and mpef () = k.

o if C; > 3, then

1. compute V = DS(h, g; ' (k)) with the notation V = (Vi)iecy)-
2. set Mper(vi) = k — (Cy, — 1) for all i € [Cy].

Output: permutation s .

“The function gp is not a permutation when there exist ¢ # j such that Sx(7) = Sk(j).

Dichotomic Splitting (DS)

Input: comparison function A, a set E of indices with cardinal number #FE > 2.

e compute E; i, B = SIT(h, E).

o if #E. > 2, then compute V'~ = DS(h, E;);
else if #£; =1,do V™ = [j] for j € E;
else V— = 0.

o if #F;” > 2, then compute V*+ =DS(h, E;");
else if #E =1,do V't = [j] for j € E};
else VT = 0.

Output: the list [V =3, V] if V= # 0 and VT # 0,
the list [4, V1] if V= = 0 and V* # 0,
the list [V=,¢] if V= #£ 0 and VT = 0.

Split In Two (SIT)

Input: comparison function h, set F of indices with cardinal number #E > 2.

Take any index ¢ € E and compute
Ef ={je E\{i}: h(i,j) =1or h(i,j) =0} , Ef ={j€E: h(i,j) =1} .

Output: E;, 1, EZ+
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Lemma 3.8. For any comparison function h with an error less than v, the permutation m,s
output by the PE algorithm has an error less than 2v.

The proof of Lemma [3.8] is written in appendix
We use the output h of section [3| as input in the PE algorithm to get a permutation 7,.;.

Theorem and Lemma then ensure that that @,.; has an error less than 72]—}2 @.
Corollary [2.7] follows.

4 Minimax lower bound

In this section, we prove that the 771_%1 V/log(n)/n rate in Corollary is minimax optimal. Let
us consider the observation model A = F'+ E, where we assume that the entries {A;; : i < j}
follow independent Bernoulli distributions with parameters Fj; = f(z;, ;). We focus on this
particular case of sub-Gaussian distributions for the derivation of a lower bound, as we have
in mind random graph applications. The lower bound will hold for this random graph model,
and a fortiori for the more general case of sub-Gaussian noise considered in previous sections.

To prove the lower bound, we consider the simpler setting where fj is known to the statistician,
and is an affine function of the Euclidean distance,
folz,y) = Z - 77R$2_y’, for all z,y € [0, 1],

with a parameter 7jz € (0, 1]. This function fj corresponds to a geometric latent model as dis-
cussed in the introduction. Let X, be the set of regular positions X, = {x = (7(j)/n)1<j<n :
7 € II, }, where II,, is the collection of permutations of [n]. One readily checks that all as-
sumptions (4) to are satisfied for fy and any x € II,,. Indeed, the condition @ on the
spreading of latent positions holds for any 1 > 1/n. The strong Robinsonian property is
satisfied with

NR = CIR
for some numerical constant ¢ € (0,1) and p,p’ € (0,1/8). The local bi-Lipschitz assump-
tion is fulfilled with a@ = ¢/ jg and 8 = ¢ 1jg for some numerical constants ¢, ¢’ € (0,1)
and radius R € (0,1/4).

We have a one-to-one correspondence X, = II,, via the application sending any x =
(1,...,2,) € X, to mx € II, such that mx(i) = na; for all i € [n]. This permutation
preserves the ordering of the latent positions:

Vi,j € [n]: {z; <z} — {mx(i) < mx())} .

Let us define a pseudo-metric on X ,, = I1,, which captures the error e introduced in Definition
for the estimation of a correct permutation. Given a scalar € € [0, 1] and two permutations
Tx, Tx' € II,,, we introduce the event E(mx, Tx/) on which 7, T4 agree up to e:

Ee(mx, M) = {either {mx (i) < mx(4)} «— {mx (i) < s (j)} for all i, j satisfying |i — j| > ne,

or {mx (i) > mx(7)} «— {mx (i) < 7 (j)} for all 7, j satisfying |i — j| > ne} .
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We take the infimum over € to get the following pseudo-metric

D(my, Ty ) = arg min { the event & (mx, mx/) holds} ) (19)
€€[0,1]

Recall that P(y r,) denotes the distribution of A with representation (x, fo).

Theorem 4.1. There exist three positive numerical constants C,C’,C" such that for any
n > C'" and nr > C"\/log(n)/n, we have the lower bound

>

1
inf sup Py s [D(ﬁ,wx) > 3

™ XEHn

o flog(n)
R n

where the infimum holds over all o(A)-measurable functions 7.

The proof of Theorem [4.1] is given in appendix [C| The lower bound is written over the
collection of n-tuples x € II,,, which is a subclass of the class considered in our upper bounds
(since all x € II,, satisfy the condition (6)) for any 7, > 1/n). The lower bound matches the
upper bound of Corollary up to some multiplicative numerical constant. Therefore, it
implies the optimality of the nj'+/log(n)/n estimation rate of our estimator (in the minimax
sense). The fact that the lower bound holds even for a known function (fy) entails that the
ng v/log(n)/n estimation rate is not driven by the (absence of) knowledge of the affinity
function in our setting .
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A Proof of Theorem [2.6] (Upper Bound)

A.1 Proof of Proposition (Distance Estimation)

For any index i € [n], we define the index m; € [n], m; # i, such that x,,, is, with respect
to the Euclidean distance, one of the closest points to x; among the latent points z1,...,Z,.
Formally, let
m; € argmin |z; — x| .

Jj€ln]

J#i
A direct adaptation of [Issartel, 2021, Proof of Theorem 7] allows us to derive the following
bound on the error of d, where we only used the sub-Gaussian condition and the signal
bound . There exists some numerical constant C' > 0 such that, with probability higher
than 1 — 1/n3,

max
i,j€[n]

P(i.4) ~d*(i.5)| < (M [d(i,mq) + d(j,mg)] + (1 v M) 10%;”)

The spreading @ of latent positions ensures that |z; — x| < 1, for all i. Besides, n; < R,
so that we can use the local distance equivalence to obtain

VZ7] € [n]? d(zaml) + d(jamj) < B (‘xl - xm1| + |xj - .%'m]D < 26778 5

which concludes the proof of Proposition (3.1 O

A.2 Proof of Proposition (Local Partitioning analysis)

Points 1 and 2 of Proposition deal with the properties of the connected components, while
point 3 is about the existence and the number of connected components. We divide the proof
accordingly in two parts.

A.2.1 Points 1 and 2 of Proposition

For the convenience of the reader, we write below a proposition that encapsulates the two
first points of Proposition [3.2

Proposition. Assume that the local distance equivalence and the positions spreading @
hold and that

V(0 +61) V(62 4 0)
1A« ’

5> 6+ Bns | 6225+§(51+5) . Rz

Then, conditionally to the event |<i —dleo < 0, the following statements hold for p =
((52 + (5)/&

1. all points of a connected component of G; are on the same side of i;
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2. all the xy such that vy < x; — p (resp. xy > x; + p) are in a same connected component
linking points all on the same side of x;.

Proof.
Lemma A.1l. If there exists k, p such that the four conditions

dk,0) <6 +0 = |z — x| < kK (20)
|z — xp| < k= d(i,0) < b2 — 6 (21)
d(i,0) < s+ = |z; — x| < p (22)
d(l,0+1) <6 -6 (23)

are met for all i, k, ¢, then conditionally to the event |d — d|os < 0 we have

1. when 1s met, then either xp,xy > x; or T, Ty < T;i;

2. all the xp such that xy < x; — p (resp. xy > x; + p) are in a same connected component
linking points all on the same side of x;.

PROOF OF LEMMA : Conditions and together with |d — d|s < & ensure that if
holds, then |z — z¢| < k and |z; — 4| V |x; — xx| > K, so k and £ are on the same side
with respect to 1.

In addition, condition and |d — d|o < 0 yield the implication: if |z; — x4 > p, then
d(i,0) > 6. Say for example that z; < z; — p. As d(¢,£ —1) < &, by , we have with
k = ¢ — 1. Hence, xy and xy_1 are linked. By induction, we obtain that all points on the
left of x, are linked together. Thus, all points at distance at least p from x; are connected
together and they belong to a same side of 7. (|

Let us now check that the conditions of Lemma [A.1] are fulfilled.

Lemma A.2. Under the assumptions of the proposition above, the conditions from (@) to

are fulfilled with
0 +0 d2+ 46
= and p:= .

(07 o

K

ProOOF OF LEMMA [A.2| First, d(k,¢) < § + 1 < R, so we get from the local distance

equivalence that
1 0+
oy — | < —d(k,0) < 2FOL
@ e

For |z; — x¢| < k < R, we have
d(i,l) < pr < §3 — 6.

For d(i,f) < 92 + 0 < R, we have

(52+5
’xi—$g|< =p

Finally, the positions spreading @ ensures that |zy — x¢41] < 15 < R, so we have
d(l,0+1) < Bns <61 — 6.
The proof of Lemma [A.2] is complete, as well as the proof of the proposition above, which

corresponds to the points 1 and 2 of Proposition O
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A.2.2 Point 3 of Proposition

The proposition below encapsulates the point 3 of Proposition[3.2] It states that for each graph
G there exists at least one, and at most two, non-empty connected components C' (i), C? ()
output by the LP algorithm.

Proposition. Assume that ns < 1/4 and p < R and
d+ Bp <3 < (RA (a)d)) — 4.

Then, under the assumptions of the proposition of sub-section and for any i € [n],
there exist at least one, and at most two, non-empty connected components C1(i) and C2(i)
including points xy, such that d(k,i) > Js.

Proof. Given i € [n], let 3 be a point such that d(k,i) > 6. If |a; — ;| < p, then we have
cZ(k, i) < Bp+ 0 using the local distance equivalence with p < R. So a?(k:, i)>03>0+Fp
enforces that |x; — x| > p. We know that, on each side of z;, all points at distance at least p
are connected together. Hence, there are at most 2 connected components in GG; containing
points z; that satisfy ci(k:, i) > 03.

In addition, when d(k, i) < 65 < R—§, we have |z, — ;| < (03+8)/a < 1/4. As either z; — 1
or Tp — T; is greater than or equal to 1/4 for ny < 1/4, then there exists at least one zj such
that d(i, k) > d3. The proof is complete. O

A.3 Proof of Proposition (Consensus Algorithm analysis)

Throughout the section we assume that x1 < x9 < ... < x, (with no loss of generality).
This allows us to rewrite the statement of Proposition [3.3] as follows.

Proposition. We assume that the hypotheses of Propqsition hold and that ns < p <1/8
and d3 + 6 < R A («/8). Conditionally to the event |d — d|o < &, the consensus algorithm

runs. With no loss of generality, we can assume that min C~ (i*)UC™T (i*) € C~(i*), otherwise
switch the labels € of C*(i*). Then, we have max C~ (i) < i < min C* (i) for all i € [n].

Proof. Let us analyze the points 1 and 2 of the Consensus Algorithm (CA) separately.

e Point 1 of CA: The point 1 of the Consensus Algorithm runs, if there exists an index
i* that has two non-empty connected components of cardinal number greater than (or equal
to) [ns'/4].
Let ¢* be an index such that ;= belongs to the interval [1/2 —ns, 1/2+n5]. We know from the
spreading assumption @ that such an index i* exists. Under the assumption ns < p < 1/8,

all indices k in
Vi={k: z; €[0,1/4]}

satisfy xp < x;+ — p. The point 2 of Proposition then ensures that V is included in a same
connected component of G+, say C, which is located on one side of ¢*. If ci(z*, 1) < d3 < R—9,
then the local distance equivalence (4)) yields |z;» —x1| < (d3+ )/ < 1/4, which contradicts
the fact that |z, — 21| > 1/2 — 25, > 1/4 by the positions spreading (6]). Hence, d(i*,1) > d3
with 1 € C (since 1 € V C C). It then follows from the point 3 of Proposition that C is
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necessarily one of the two connected components C!(i*), C?(i*) released by the LP algorithm.
We thus have V C C!(i*) for some [ € [2].

Similarly, we can show that the other component C¥(i*), I # I, I’ € [2], contains V' :=
{k : zp € [3/4,1]}. Hence, denoting C!(i*), C%(i*) by C*(i*), C~(i*), with the convention
min C!(#*) U C?(i*) € C~(i*) which means 1 € C~(i*), we conclude that

VcC (i*) and V' CCT(*) . (24)

The cardinal numbers of V and V' are greater than (or equal to) |n;!/4] since, by the
spreading assumption (6)), each interval [0,1/4], [3/4,1] contains at least |n;'/4] different
points x;. Hence, the point 1 of the Consensus Algorithm runs. From the display
together with the point 2 of Proposition [3.2] we finally get

max C~ (i*) < i* < min CT(i*) . (25)

e Point 2 of CA: Let i € {1,...,n}, i #i*.

i) When G; has a single connected component, we have d(1,4) A d(n,i) < d3. This yields
d(1,3) Ad(n,i) < d3+ 0 < R, and thus

alr; — x| <d(1,i) < o3+, or a|r;— x| <dn,i) <d3+0 .
We use d3 + 6 < /8 and the positions spreading @ to get
x <x1+1/8<ns+1/8<1/4, or x;>w,—1/8>1—n,—1/8>3/4 .

Hence, either i € V or ¢ € V'. It then follows from that i € C°(i*) for exactly one
¢ € {#}. Thus, the Consensus Algorithm outputs C~¢(i) = C'(i) and C*(i) = 0.

(il) When G; has two connected components, if for example i* < 4, then the connected
component C¥(i) containing z,, has a void intersection with C¢(i*) containing z1. In addition
of this empty intersection, exactly one of the three other intersections may be empty too,
namely the one between C~¢(i*) and C¥ (i) for k' # k. The two remaining intersections are
indeed non-empty since z; € C¢(i*)NC¥ (i) and z, € C~¢(i*) N C¥(i). Regardless of the order
in which the algorithm tests (the emptiness of) these four intersections, the output is always
C—<(i) = C¥(i) and C<(i) = C¥ (7).

It follows from the analyses (i) and (ii) above that the point 2 of CA runs. It is then not
difficult to check that the output of CA satisfy max C~ (i) < i < min C* (i), using the reference

partition and Proposition
The proof of Proposition is complete. O

A.4 Proof of Proposition (CFI analysis)

Throughout the section we assume that 1 < 9 < ... < x,, with no loss of generality.
Let h be the correct comparison function defined by h(i,j) = 1 — 214, <., for all 4, j.

The correct comparison matrix [h(i, j)]; jep,) i anti-symmetric by definition, hence (in the

1,5€
point 2 of CFI algorithm) we set the lower triangle of the matrix [ﬁ(z, ])] 4 as equal

i,j€[n]
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to the opposite of its upper triangle. We analyze this upper triangle in the following. Let
i,j € [n], i < j, such that |z; — x| > p.

e 15¢ Case: G; has two non-empty connected components C~(i) and C*(i). We know
from Proposition that j belongs to one of these two components (since |z; — z;| > p).
The output of the CFI algorithm is therefore h(i, j) = —el. Proposition then ensures that

h(i,j) coincides with the value h(i, j) = 1 — 21;<; of the correct comparison function h.

e 2"d Case: G; has evactly one non-empty connected component C¢(i). If j € C¢(i), then
the CFI algorithm outputs h(i, j) = —el again, and Proposition allows us to conclude as
in the 15 case.

Assume therefore that j ¢ C(¢). It is sufficient to analyze the case e = — (the case e = +

being symmetric). Thus, C~ (i) is the unique non-empty connected component of G;, and
Jj¢ C™ (). If x5 < x;, then z; — p < x; (since |z; — x| > p), so the point 2 of Proposition
yields j € C~ (i), which is a contradiction. Hence, x; > ;.

Ifz; <1/2,thenz; < 1/2. If d(z, n) < 63 < R—4, then the local distance equivalence (4)) yields
|z; — x| < (03+0)/a < 1/4, which contradicts the fact that |z; —x,| > (1—1ns) —1/2 > 1/4,
deduced from the positions spreading (6). Hence, a?(z, n) > d3, leading to n € C* (i), which is
a contradiction with C* (i) = (. Therefore, z;; > 1/2.

If d(j,1) < 03 < R — 4, then yields |z; — 1| < (03 + J)/a < 1/4, which contradicts the
fact that |x; — 21| > 1/2—ny > 1/4. Hence, d(j,1) > 03, implying that the component C~(5)
is non-empty with 1 € C~(j). Since z; — p > x;, the point 2 of Proposition ensures that
i € C(j). The CFI algorithm therefore outputs h(i, j) = el = —1, which matches the correct
value h(i,j) = 1 — 21;<;. This concludes the analysis of the 2" case.

The proof of Proposition is complete. O

A.5 Proof of Proposition (CE analysis)

Throughout the section we assume that x1 < x9 < ... < x, (with no loss of generality),
and we denote by h the following correct comparison function h(i, j) = 1 —214,<,; for all 4, 5.
We start with three lemmas, the first one controlling the random fluctuations of the noise.
Lemma A.3. Assume that the sub-Gaussian error holds. Then, with probability higher
than 1 —4/n,

max;’ Y —Ejk)( < 2¢/21og(n) (26)

R JAC 5 O ke, o

Proof Lemma The sets C:(ij)(é), Cf(ij)(ﬁ) are independent of Ej, — Eji, k € [n].

Then, for any € € {—,+} we have that, conditionally on C¢ (ij)(ﬁ),

pl——1 ST (Ba—Ep)| >t <2707
2‘07(1',]')(6)’ keCi(m‘)(Z)
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using the sub-Gaussian property . The lemma follows from the choice of value t =
24/2log(n), together with a union bound over all possible indices i, j,[ in [n] and € € {—, +}.
O

The next lemma shows that x; is close to x;+, x;-.

Lemma A.4. Assume that the spreading @ and the local distance equivalence hold,

and that 63 > Bp+ 3 and R > (p +ns) V (03 + 30 + Bns). Also assume that the hypotheses
of Proposition and Proposition hold. Conditionally to the event |d — d|s < 0, the
following holds for any i € [n]. If i€ exists for e € {—,+}, then

alz; — x| < 93+ Ons + 39 . (27)

Proof of Lemma We only prove the bound for z;+, the one for ;- being similar. Set
bt = min {j e CT (i) d(i,j) > 53} .

Assume that i* € [n] exists. Then, C* (i) is non-empty, and by definition of C'* (i) there
exists k such that d(i,k) > 3. Hence, b* € [n] exists. We also know from Proposition
that the set C* (i) includes all points zy satisfying zp — p > z;.

o If b —1 ¢ C*(i), then xy+_; — x; < p. Proposition ensures that z,+ > x;, so
we have 0 < zp+ — 2y = (Tp+ — Tpr_1) + (Tp+_1 — @) < ns + p, using the spreading
assumption @ As p + ns < R, the local distance equivalence yields

d(it,i) < d(bT,i) < B(p+ns) +06 < d3+Bns

where we used the definition of i* in the first inequality, the event |d — d|so < & in the
second one, and d3 > p + J in the last one.

e If bt —1 € C*(4), then by definition of bt we have d(b™ — 1,4) < ds. It then follows
from the triangular inequality that d(b™,4) < d(b*,b" — 1) +d(b" —1,i) < Bns+ 3+,
using the spreading assumption @ and the local distance equivalence (4). Hence, we
get from the definition of ™ that

d(it,i) < d(b*,i) < Bns + 03 + 20 .

To conclude, we have
d(i*,i) <d3+Pns +35 < R,

hence the bound follows from the local distance equivalence (4]). ]

In the following lemma, we give some conditions on the positions x;, x; so that the indices i€
exist and the sets C%(z), C< ; (i) are non-empty.
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Lemma A.5. Assume that the hypotheses of Proposition[3.3, (3.3 and Lemmal[A.]] hold. Also
assume that 63 > Bp+3d and R > (03+0)Vp and 3+ < a/8 andns < 1/8 and p < p' < 1/4
and 85+36+ Bns < a(p' —p)/2. Conditionally to the event |d—d|s < &, we have the following
implication for any i,j € [n] such that |x; — z;| < p.

If £; <1/24 p/2, then

(a) CT(i)#0 (b) it exists ,

and conditionally to the event \(L(i,j) —d_gijyleo <6,

()C’Jr (i E (d) {k: :Uk>:v2\/xj+p}CC’+(”)('+).
Similarly: If 2 > 1/2 — p/2, then
(@) C (1) #0 , (b’) i~ ewists ,
(c) CZ ( )£D (@) {k: ap<ziAzj—p'}C C:(i,j)(z’_) )

Proof of Lemma Given i € [n], assume that z; < 1/2 + p/2 and |d — d| < 6.

(a) If d(i,n) < 83 < R—6, then the local distance equivalence () yields |z;—z,| < (03+0)/a <
1/4, which contradicts the fact that |z;—x,| > (1—ns)—(1/24+p/2) > 1/4. Hence, d(i,n) > 03,
leading to n € C* (i) and C*(3) # 0.

(b) When C€(7) # 0, the index i€ exists by constructlon of the set C*(7). Hence, the existence
of it follows directly from the point (a) of Lemma

Given j € [n]\ {7} such that |z; —z;| < p, assume (in the sequel) that |d_(i’j) —d_(; jyleo < 6.
(c) By Proposition[3.3] we have zj, > z; for all k € CF (i), in particular z;+ > x; asit € CT(q).
It follows from this and the equation of Lemma that

03 + 30 f—
0<zr —m; < £l +ﬁns<p P~

1

= . 28
o 2 8 (28)
If cZ_(m)(iJr,n) < 03 < R — 4, then the local distance equivalence yields |x;4+ — xy| <
(65 +6)/a < 1/8, which contradicts the fact that |z;+ — xn| > |zn — @] — |20 — 2] >
[(1=ns)—(1/2+p/2)|—1/8 > 1/8. Hence, d_; ;(i*,n) > d3, thus leading to n € C’f(ij)(ﬁ)
and CJr (z*) # 0.

Above, the quantity d_(i,j)(i n) and the set C’+( j)( i™) are well-defined since {7, j}N{i*,n} =

(. Indeed, we have i # n and j # n because z; < 1/2+ p/2 < 5/8 and z; < x; +p < 7/8
while x,, > 1 —ns > 7/8. We also have

iA4iT  and  j#iT, (29)

since it satisfies d(i,it) > 03 > Bp + & which implies |z; — 2;+| > p (indeed, we know from
the local distance equivalence . ) that the contraposition holds: |z; —z;+| < p < R =
d(i,it) < Bp+6 ). The second relation j # it then follows from the fact that |z; — x| < p.

(d) Given an index k € [n] satisfying z > x; + p’, we get from that

wp—xr = (2 — ) — (T —x) > (P +p)/2>p
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which implies k € Cf(i’j)(’ﬁ) by Proposition and whenever C’j(i7j)(i+) # 0. As
C+(i ) (i*) # 0 is guaranteed by the point (¢) of Lemma we obtain {k: x>z, +p'} C

ct )(i+), and a fortiori {k: xp >x; Vaj+p'} C Cf(l.j)(ﬁ).

(i,
This concludes the proof of the points (a) to (d) for z; < 1/2+ p/2. By symmetry, the points
(a’) to (d’) for x; > 1/2 — p/2 follow from a similar proof. O

We are now ready to prove Proposition [3.5] which is rewritten below for the convenience of
the reader.

Proposition. Assume that the Robinsonian properties @ and (@, the sub-Gaussian noise
(8) and the hypotheses of Proposition and hold. Also assume that the hypotheses of
Lemma and hold. Then, conditionally to the event |d — d|so V MaxX; jeln],ij |d—(ij) —
d,(i,j)\oo < 0, the CE algorithm runs. Additionally, with probability higher than 1 —4/n and

for L > 4, it outputs a comparison function h having an error less than 727—2 %.

Proof. Given i € [n], le us show that (a) the CE algorithm runs until the point 3 of the
pseudo-code (at least), and (b) the output h of CE algorithm has a small error.

(a) The CE algorithm runs until point 3:
Assume that the event |d — d|oo < 6 holds. If z; < 1/2 + p/2, then Lemma ensures that

CT(i) # 0 and it exists. Otherwise, when z; > 1/2+ p/2, we obviously have z; > 1/2 — p/2,
and Lemma yields C~ (i) # () and the existence of i~. In any case, C~ (i) U C" (i) # 0,
so the CE algorithm does not break at the first bullet point of the pseudo-code, and will run
until the third bullet point, where it will scan the indices j such that ﬁ(z, j) = 0. Proposition
implies that such j satisfy

|z — x| <p . (30)

At the point 1 of the third bullet point, the distance estimator ci_(m) is computed without

the points x;,z;. Conditionally to the event |d — dloo V MaX; jeln],itj |A—(ij) — sz(i,j)|oo <4,
we analyze the rest of the algorithm.

At the point 2, the algorithm takes an € such that C¢(i) # (), which exists (as proved in
the before last paragraph). With no loss of generality, we assume that C*(i) # 0. The
algorithm then computes the components C* (m.)(fr), ¢ € [2], which enjoy the theoretical
properties stated in Proposition These components are well-defined, in particular T is
not equal to i or j, as checked in . By definition of i*, we know that cZ(z, it) > &3, which
implies |z; — x;+| > p. Hence, zp, — p > x; for all k € {i™,...,n}, so Proposition and
yield {iT,...,n} C CT(i). As {i",...,n} contains one of the two components Ci(i,j) (i 1),
C

7(i’j)(i+), we finally get for some ¢ € [2] that

CHa ") =Cli ) () c it .n} O (31)

where we denoted Cf( )(ﬁ) by Cj(z‘,j)(ﬁ)'

i?j
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The same applies to the case e = — when C'~ (i) # (), meaning that we have, for some ¢ € [2],

_ . V4 - - — .
C,(m)(l )=C; ;i) C{0,....i7tCC (7). (32)
Hence, we proved that the CE algorithm runs until the point 3 of the pseudo-code (at least),
where it will (possibly) update the estimator h through the tests l . These tests are
trivial whenever the sums involved in (16H17)) are by convention equal to zero, due to being over
empty sets C’_ﬁ (i), Cir(i j)(i+). Fortunately, this does not happen under our assumptions,

since Lemma guarantees C:(ij)(i*) U Cir(l. j)(i+) # 0.

(b) The Output h has a Small Error:

It suffices to show that, for all j satisfying , the value ﬁ(z, j) matches the correct value
h(i,j) =1 =214, <a;-

e 15 Case x; < zj. Observe that the CE algorithm outputs the correct value h(i, ) if
the inequality is satisfied. Hence, all we need is to show that this inequality holds w.h.p..
Under the event which holds with probability higher than 1 — 4/n (by Lemma , we
have the following lower bound for all € € {—, +},

S A —Aw) = D eFpp—Fx)+ > e(Bj— Ei)

KECE ;1) (i) KECE ;1) (i) KECS ;1) (i)

> 3 el Fa) - wax |3 (B Ea)
kECE ; (i) ’ keCe ; (i)
> ) e(Fjr — Fy) —4y/nlog(n) . (33)

KECE ;1) (i)

To lower bound the sum in , we are going to use the Robinson property for all j
satisfying :

Z Fi, — Fji, > nrlx; — xj|n, if ;> 1/2—p/2

k: zp<z;—p'
Z Fji, — Fi, > nrla; —xjln, if x; <1/24p/2 .

k: xzp>xi+p

If ﬁév xj <1/2+ p/2, then Lemma ensures that {k: zp >x;+p'} C C’f(m.)(i*), thus
yielding

max Z e(Fj, — Fir,) > Z (Fjk — Fu,) > Z (Fjk — Fir)

66{77“”} .
REC (1,5 () ReC (i) b wpsa

> nR|xi - xj‘n ’

where in the before last inequality we used the latent Robinsonian structure , ie. Fjp—
Fii, > 0 for all z;, > x;, and the fact that all k € Cf(z. i) (1) satisfy z > x;. (For a check of

this fact, see the 2°9 case below).
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From this last display and we get that the following inequality

max Z e(Ajr — Aig) > nrlx; — xjn — 4y/nlog(n) (34)

66{77+} .
keCe , ()

holds with probability higher than 1 —4/n.
If z; Vxj > 1/2 4 p/2, then we have z; > 1/2— p/2 using (30). Lemmathen ensures that
{k: ap<zi—p}C C:(i ) (i7), leading to once again.
Hence, holds (whatever the value of x; V x;). The right-hand side of is greater
than Ly/nlog(n) whenever |z; — z;| > %\/% for L > 4. The desired inequality is

— 7R
therefore satisfied with probability at least 1 —4/n, under the assumptions of the proposition.

e 2" Cuse xj < x;. With probability higher than 1 — 4/n, the following upper bound
holds for any € € {—, +},

Z e(Ajr, — Aig) < Z e(F} _Fi)"i_‘ Z (Eix = B )‘

RECL (1,5 () RECL ;.5 () kE€CL (i, (@)

< Z e(Fjk — Fy) +4y/nlog(n) , (35)

kECE ;1))

where we used Lemmain the last inequality. For any j satisfying , we have |z; —z;| <
p < |x; — x;x|, so j does not belong to any of the sets C:(ij)(i_) and C’f(ij)(ﬁ) since
they satisfy and . In other words, =3, < z;,xz; < zj for all k € C’:(M)(i*) and
K e Cf(z.j)(i*), which allows us to use the Robinsonian structure to get

Fjp — Fy, > 0 for all k € C:(i,j)(i_) ,
Fipr — Fyr <0 for all ¥’ € Ci_(i,j)(i+) .
(For the case x; > wx; analyzed here, we actually switch the roles of 4, j in , since (2)) is
written for z; < x;). Therefore, ZkeCi(i,j)(i‘) €(Fjr, — Fi) < 0 for any € € {—,+}, and
yields
> e(Ajr — Ap) < 44/nlog(n) (36)
keCe (i)

which holds with probability higher than 1 — 4/n. The right-hand side of is (strictly)
smaller than L+/nlog(n) for L > 4, so, with high probability, is not satisfied and the CE
algorithm moves to the next step (the point 4 of the pseudo-code) where it will test . If
holds, then the algorithm will recover the correct value h(i,j). We can check that
holds w.h.p. by following the same analysis as in the 15¢ case above. (For the current case
xj < x; however we would switch the indices 7 and j in the Robinson property to have

Z ij—F‘ikZ"?RMi_l‘jma if l‘j21/2—p/2

k: xp<z;—p’
Z Fi, — Fji, > nrlzi — xjln, if z; <1/24p/2 . )
k: xp>xi+p!
This concludes the analysis of the 2"¢ case, as well as the proof of Proposition ]
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A.6 Proof of Lemma [3.6] and [3.§

Proof of Lemma Throughout the proof, we assume that 1 < z9 < ... < z, with no
loss of generality, and we assume a direction for h, say h(1,n) = —1. Denote by h* the correct

comparison function defined by h*(s,t) = 1 —21,, ,,. Let 7, be the permutation induced by
h, as defined in .

Let j be an index in [n] such that x; > x; + 2v + 7,. In order to prove that 7 (j) > m;(), it
is enough to show that

Su(j) = Su(i) ==Y (h(j.k) — h(i.k) >0  and h(i,j) = ~1 . (37)
k=1

In fact, checking h(i,j) = —1 is only useful in the case of a tie Sp,(j) — Sp(i) = 0.

We introduce a partition of the latent space [0, 1], composed of five consecutive intervals:

Ilz[o,xi—l/], 12:($i_yaxi+7/)7 I3:[$Z-—|—1/71‘j—1/]7
I4Z(l‘j—l/,l‘j+l/), 15:[$j+y71}a
assuming that z; > v and z; +v <1 (the other cases x; < v or z; + v > 1 can be analyzed

similarly, with a slight adaptation of the current proof). This spatial partition is associated
with the following partition of indices: Ry = {k € [n] : =y € I}, s € [5].

For xj, € Iy U5, we have |z; — x| A |xj — 2| > v. Then, since h has an error less than v, the
values h(i, k) and h(j, k) are equal to the values h*(i, k) and h*(j, k) of the correct comparison
function h*. Hence, h(i,k) = h(j,k) = 1 for all k € Ry, and h(i,k) = h(j,k) = —1 for all
k € Rs, thus leading to

> (b, k) = (i, k) =0 .

k€ER1URs

For zj, € Iy, we have x; — 2, > v, hence h(j, k) matches the correct value h*(j,k) =1 for all
k € Ry. Since h only takes values in {—1,0, 1}, we have |h(i, k)| < 1 for all k, so that

> (h(G. k) = (i, k) 2 0 .
k€ER2
By symmetry for zj € I4, a similar reasoning yields >, cp (h(j, k) — h(i,k)) >0 .
For xj, € I3, we have |z; — zi| A |x; — x| > v, so h(i, k) and h(j, k) match the true values
h*(i, k) and h*(j, k), which means that h(i,k) = —1 and h(j, k) = +1. Hence
k€ER3
where # Rj3 is the cardinal number of the set Rs.

Gathering the last displays together, we obtain that the desired inequality holds. This
concludes the proof of Lemma ]

Proof of Lemma Let h be a comparison function with an error less than v, and, with
no loss of generality, assume that the direction of h is h(1,n) = —1, with 21 < 29 < ... < Xy.
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Denote by h* the correct comparison function h*(s,t) =1 — 21,,<,,. Given the output mqs
of the PE algorithm (described in section [3.3]), and indices 4, j € [n] satisfying 2v < x; — 3,
we want to show that e r(i) < mref(J)-

o 15 Case gpn(i) # gn(j). Following the lines of the proof of Lemma we know that
gh(l) < gh(]) Hence, gh(l) < gh(j)v leading to 7Tref(i) < ﬂref(j)'

e 2" Case gp,(i) = gn(j). We denote by k the number k := g5 (i) = gn(j). If Cp = 2,
then mpep(i) =k —1 < k = mper(j). Assume therefore that Cj, > 3 in the sequel.

The PE algorithm calls to the DS algorithm, which will call itself using sets £ with
smaller and smaller cardinal numbers #FE. Hence, the procedure will end in a finite
number of calls to the DS algorithm. In each of these calls, the DS algorithm computes
E;,s,Ef = SIT(h, E). We separate the analysis of this output in two cases.

2" (a) Let s € {i,j}. We have h(i,j) = h*(i,j) = —1 and h(j,i) = h*(j,i) = 1 since the
comparison function h has an error less than v, and 4,5 satisfy 2v < x; — x;. Hence, the
SIT algorithm orders i,j correctly, which means that j € £ when s =i, and i € E
when s = j. In any case, the output 7,.s of the PE algorithm satisfies ¢ (i) < mpef(J)-

27 (b) Otherwise, when s ¢ {i,j}, we have 4,5 € E; U EF. If i,j belong to the same set E

or Ef, then #FE; > 2 or #F} > 2, and the DS algorithm will call itself via DS(h, E;)
or DS(h, E}). Since the cardinal numbers of E; and E} decrease at each call, we can
consider the call having entries #FE; < 1 and #FE} < 1. Thus, i,j do not belong to
the same set E; or E}. Depending on the position x5, we have the following analysis.
If s & (x;,x5), for instance x4 < x;, then x; —x, > 2v. This yields h(s, j) = h*(s,j) =
—1 and so j € Ef. Since #EF < 1, we necessarily have i € E;, which allows us to
conclude that 7 (1) < mrer ().
-If x5 € (xi,x5), then h(s,i) = h*(s,i) =1 or h(s,j) = h*(s,j) = —1. Indeed, h has an
error less than v, and it follows from |z; — x| > 2v that |z; — 24| > v or |z; — x| > V.
Hence, i € E or j € Ef. Since #E; V#E} <1, we get that i € E] and j € E,
leading once again to mycf(i) < Tref(J)-

The proof of Lemma [3.§] is complete. O

B Sketch of proof of Corollary

As discussed in section the bi-Lipschitz condition f € BL[d&, 8] implies the hypotheses
, and for some numerical constant nrp > 0 only depending on &. Besides, the x;’s

fulfill the spreading condition (6] for ns < ¢’ ( log(n)/ n) with probability at least 1 — 1/n
for some numerical constant C’ > 0. Hence, we can apply Corollary to get an estimation

of the latent ordering with an error smaller than ¢, = (200" + C")+/log(n)/n.

To deduce an error of localization of the xz;’s, we can rely on Dvoretzky—Kiefer—Wolfowitz
(DKW) inequality. Indeed, the x1,...,x, are independent and uniformly distributed on
[0,1]. We shorten z1,...,z, by x, and for any interval I we denote |I| its length, and Ny(x)
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the number of points z; which lie in I. We deduce from DKW inequality that, for any ¢ > 0,

N,
P|( sup Nilx) |I\‘ > 4t | < 272
IC0,1] n
so that, choosing t = y/log(n)/n, we obtain
N, 1 2
P (Sup Nilx) |I|‘ >4 og(n)) <.
Icr| n n n
We can now easily deduce that max |Z; — x;| A max |Z; — (1 — z;)] < Cy %, for some
1,j€[n] 1,j€[n]
numerical constant Cs depending only on &. Corollary follows. .

C Proof of Theorem (Lower Bound)

Proof of Theorem We establish the lower bound 73'y/log(n)/n in the particular
setting where the observations A;; are independent Bernoulli random variables of parameters
Fij = fo(xs, x;), for the specific function

(38)

with nr = cnjg for some numerical constant ¢ € (0, 1), and 7z € [Coy/log(n)/n, 1] where Cp
is a numerical constant that will be set later.

Our minimax lower bound is based on Fano’s method as stated below. For two configura-
tion x and x’ in X,,, we denote the Kullback-Leibler divergence of Py, 1) and P 1) by
KL(P(x ) I Px,f))- Given the pseudo-metric D defined in (19), a radius € > 0 and a subset
S C X, = 1II,, the packing number M(e, S, D) is defined as the largest number of points
in S that are at least ¢ away from each other with respect to D. Below, we state a specific
version of Fano’s lemma.

Lemma C.1 (from [Yu, 1997]). Consider any subset S C X, = II,. Define the Kullback-
Leibler diameter of S by

dir(S) = SI}ESK L(Prx, 1) I1Pxr, 1)) -

Then, for any estimator © and for any € > 0, we have

€] 5 ) _ dralS) + logt2)

P D(m, ) > =
g xf) (7. x) 2 5 log M(e, S, D)

In view of the above proposition, we mainly have to choose a suitable subset S, control its
Kullback-Leibler diameter, and get a sharp lower bound of its packing number. A difficulty
stems from the fact that the loss D(7, mx) is invariant when reversing the ordering of 7x.
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Let k := (C1/nr)+/nlog(n), for a small enough numerical constant C; € (0, 1] that will be set
later. To ensure that k& < n/4, we enforce the condition 17z > Cy+/log(n)/n, with Cy := 4C}.

We introduce n/4 vectors x(*) € X, s =1,...,n/4. For each s € [n/4], let azg.s) be such that
) Iy, ) _ Stk (9
QZ‘] —n,V]G[n]\{S,S-Fk}, Lg’ = ’ x

n

Each vector of positions x(®) is therefore equal to the vector (j /n)je[n] up to an exchange
of the two positions s/n and (s + k)/n. This collection of n/4 vectors is denoted by S :=
{x(l), e ,x("/4)}. Obviously S € X,, £ II,, and one can readily checks that

k
D(myy, Ty(s)) > — Vs,t € [ﬁ] ,S#F L, (39)
n 4
which in turn ensures that the packing number M/(e,,S, D) of radius €, := k/n satisfies

M(en, S, D) > n/4.

To upper bound the KL diameter of S, we use the following claim whose proof is postponed
to the end of the section.

Claim C.2. For anyx,x’ € X,,, we have KL(P, 1) I P fo)) < 8Zi,j(fo($i,$]) fo(zt, ])) .
Together with the definition of fo, we get

KL(P(x(t)7fO) I ]P(X(s)’fo)) < Czn(TfREn)Q < 02(01)2 log(n) ,

for some numerical constant Cy. Then, choosing the constant C in the definition of k£ such
that C1 = (2/Cs) ! leads to di1(S) < log(n)/4.

Applying Lemma to this set S, we arrive at

€
inf P [D A > >1 -
12 )S:ég (x,fo0) (7, mx) 2 9] =

log(n)/4 + log(2) 1
log(n/4) -2

as soon as n is greater than some numerical constant. The lower bound €, /2 is of the order
of 17;51 log(n)/n since 7 is equal to ng up to a multiplicative numerical constant. Theorem

[4.1] is proved. O

Proof of Claim@ By definition of the Kullback-Leibler divergence, and Fj; := fo(x;, x;)
and F}; == fo(a;,2}), we have

1—-F;;
KL(P(XJO) | ]P(x’ Z Fij log — Fj;)log - Fz,] 7
’L<] ij

and since log(t) <t —1 for all ¢ > 0, it follows that

By —
KL(ED(X7f0) H ]P)(x,mfo) Z F/ Zj 8 Z (Y Z] ?
ij
where the second inequality follows from the fact that 1/4 < Fj; < 3/4. O
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