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Abstract

This paper gathers the supplementary material to de Chaisemartin and D’Haultfeeuille
(2017). First, we consider additional identification results. Second, we provide additional
inference results. Third, we show additional results and robustness checks for the application
presented in Section 5 in de Chaisemartin and D’Haultfceuille (2017). Fourth, we present
two additional empirical applications. Finally, we present all the proofs not included in the

main paper.
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1 Additional identification results

1.1 Placebo tests

In this subsection, we explain how one can use placebo tests to assess the plausibility of As-

sumptions 4, 5, 4’, and 7.

Assume for instance that data is available for period T' = —1, and that the share of treated
units is stable in both groups between T' = —1 and T' = 0: E(D1o) — E(D1_1) = E(Dgy) —
E(Dy_;) = 0.! Then Assumptions 4 and 5 between 7" = —1 and 0 imply that E(Y}) —

E(Yi-1) — (E(Yo) — E(Yo-1)) = 0. Therefore, if in the data one rejects the null hypothesis
E(Yy) — E(Yi-1) — (E(Yoo) — E(Yo-1)) = 0, this shows that Assumptions 4 and 5 are not
satisfied between T' = —1 and T' = 0, which in turns casts some doubt on the plausibility of

these assumptions between period 0 and 1.

Similarly, if £(D1o)—E(D1-1) = E(Doy)—E(Dy—1) = 0, Assumption 4’ (resp. Assumption 7) be-
tween 7' = —1 and 0 implies that E (Y1) —E(Y1_14+3dp,_,) = 0 (resp. E(Y10)—E(Qp,_,(Y1-1)) =
0).2 Assumptions 4’ and 7 have further testable implications. For instance, Assumption 4’ im-
plies that for d € {0,1}, E(Ya10) — E(Ya1—1) = E(Yaoo) — E(Yao—1): common trends between the

two groups should hold conditional on each value of the treatment.

On the other hand, when E(Dy) — E(D;_1) or E(Dgy) — E(Dy-1) is different from 0, placebo
estimators can no longer be used to test Assumptions 4 and 5, 4’, or 7. Placebos might differ

from zero even if those assumptions are satisfied, because of the effect of the treatment.

Finally, placebo tests are generally uninformative as to the plausibility of Assumption 6, while
this assumption is necessary to have that Wprp = A when the share of treated units changes
over time in the control group. To see this, assume for instance that a treatment appears in
T = 1 and that some units are treated both in the treatment and in the control group. This
corresponds to the situation in Enikolopov et al. (2011), who study the effect of the introduction
of an independent TV channel in Russia on votes for the opposition. In such instances, placebo

DIDs comparing the evolution of the mean outcome in the two groups before T' = 1 are tests

'Here, we keep the same notational shortcut as in the main text. Thus, for any random variable R, Ry_q1 ~
R|IG=g,T=-1and Ryy_1 ~R|D=d,G=yg,T=-1.
2With a slight abuse of notation, here 64 and Qg are computed between periods -1 and 0.



of Assumption 4, but they are uninformative as to the plausibility of Assumption 6 because

nobody was treated before T' = 1.

1.2 Identification with multiple groups and periods

In this subsection, we consider the case with multiple groups and multiple periods of time.
Let T € {0,1,....,¢t} with £ > 1 denote the period when a unit is observed. For any (g,t) €
S(G) x {1,...,t}, let S = {D(t) # D(t — 1),G = g} be the subset of group g that switches
treatment status between t — 1 and t. Also, let .S; = Ug:OSgt denote the units switching between
t—1 and t. Finally, let S* = U;l S; be the union of all switchers. At each date, we can partition
the groups into three subsets, depending on whether their treatment rate is stable, increases, or

decreases between t — 1 and t. For every t € {1,...,t}, let

Go = {g S S(G) : E(Dgt) = E(Dgt—l)}
Gir ={9 € S(G) : E(Dgt) > E(Dgr—1)}
Gat ={9 € S(G) : E(Dygt) < E(Dyt1)},

and let Gf = 1{G € Gy} —1{G € G4 }. We introduce the following assumptions, which generalize
Assumptions 4, 5, and 4’ to settings with multiple groups and periods (Assumptions 7 and 8

apply to this case without modifications).

Assumption 4M (Common trends)
For every t € {1,...,t}, E(Y(0)|G,T =t)— E(Y(0)|G,T =t — 1) does not depend on G.

Assumption 5M (Stable treatment effect over time)

For every t € {1,...7}, B(Y(1) — Y(0)|G,T = t,D(t — 1) = 1) = E(Y(1) - Y(0)|G,T =
t—1,D(t—1)=1).

Assumption 4’M (Conditional common trends)

For every (d,t) € {0,1} x{1,....t}, E(Y(d)|G, T =t,D(t—1) =d)— E(Y(d)|G, T =t—1,D(t—
1) =d) does not depend on G.

Theorem 1 below shows that when there is at least one group in which the treatment rate is
stable between each pair of consecutive dates, combinations of these assumptions allow us to
point identify A,,, a weighted average of LATEs over different periods:

t
P(S
A =3 =) pvy —vio)s, T =1).
=1 21 P(S1)
We also consider the following assumption, under which A, is equal to the LATE among the

whole population of switchers S*.



Assumption 13 (Monotonic evolution of treatment, and homogeneous treatment effects over

time)
1. For everyt #t € {1,...t}>* Gy NGy = 0.

2. For every (t,¢) € {1,..,112, BE(Y(1) = Y(0)|S,, T = t') = E(Y(1) — Y(0)|S;, T = 1).

The first point of Assumption 13 requires that in every group, the treatment rate follows a
monotonic evolution over time. The second point requires that switchers’” LATE be constant

over time.

For any random variable R and for any g # ¢’ € {—1,0,1}*, t € {1,...,1} and d € {0, 1}, let

DID4(g,¢,t) = E(R|GI=g¢,T=t)—FER|G=¢g,T=t-1)
— (B(RIGf=¢ ., T=t)—ER|GI=¢,T=t—1)),
&, = EY|ID=d,Gf=0,T=t)—EY|D=d,G;=0,T=t—1),

Quly) = F;‘ID:CLG?:O,T:tOFY|D:d,Gt*:0,T:t—1(y)a
DIDy(g,9',t)

DID%(g,4',t)’

. E(Y|Gf=g,T:t)—E(Y—|—5,’5t|G2‘:g,T:t—l)
WTC<g7O7t) = *x _ _ *x _ _ ?
EY|G; =9, T=1) - E(@pY)|G; =9, T=t-1)

WEID(Q? g/a t) =

Wg‘]C(QJ 0, t) =

We also define the following weights:
DID%(1,0,t)P(Gf = 1) + DID3% (0, —1,t)P(Gf = —1)

Wy = = )
S, DID3(1,0,t)P(Gf = 1) + DID3(0, —1,t)P(Gy
DID%(1,0,t)P(Gf = 1)

DID3(1,0,6)P(Gf = 1) + DID% (0, —1,6)P(Gf = —1)°

I

|
—_
~—

wiolt

Theorem S1 Assume that Assumption 3 is satisfied. Assume also that for every t € {1,...,t},
Gyt # 0. Finally, assume that G 1L T.

1. If Assumptions 4M and 5M are satisfied,
i
> wi(wiopWiip(1,0,8) + (1 = wige) Wiy p(—1,0, 1)) =A,.
t=1
2. If Assumption 4’M is satisfied,

t
> wilwiogWre(1,0,8) + (1 = wio) Wia(=1,0, 1)) =A,.

t=1



3. If Assumptions 7 and 8 are satisfied,

t
> wiwiogWee(1,0,6) + (1 = wign) Wege(—1,0,8)) =A,,
t=1
4. If Assumption 13 holds,
A, =FEY(1)-Y(0)|S, T >0).

Theorem S1 resembles Theorem 3.2 on multiple groups, but aggregating estimands at different
dates proves more difficult than aggregating estimands from different groups. This is because
populations switching treatment between different dates might overlap. For instance, if a unit
goes from non treatment to treatment between period 0 and 1, and from treatment to non
treatment between period 1 and 2, she both belongs to period 1 and period 2 switchers. A
weighted average of, say, our Wald-DID estimands between period 0 and 1 and between period
1 and 2 estimates a weighted average of the LATESs of two potentially overlapping populations.
There is therefore no natural way to weight these two estimands to recover the LATE of the
union of period 1 and 2 switchers. As shown in the fourth point of the theorem, the aggregated
estimand we put forward still satisfies the following property: it is equal to the LATE of the
union of switchers in the special case where each group experiences a monotonic evolution of
its treatment rate over time. When this is the case, populations switching treatment status at
different dates cannot overlap, so our weighted average of switchers’” LATE across periods is
actually the LATE of all switchers.

As Theorem 3.2, Theorem S1 relies on G 1L T. Large deviations from this stable group as-
sumption indicate that some groups grow much faster than others, which might anyway call into
question the common trends assumptions underlying DID identification strategies. Moreover,
this assumption is only a sufficient condition to rationalize our estimands under assumptions at
the group level. Another way to rationalize our estimands is to state our assumptions directly
at the “super group” level. For instance, if Assumptions 3, 4M, and 4'M are satisfied with G;}
instead of G, then the first statement of Theorem S1 is still valid even if G is not indepen-
dent of T. Finally, when G is not independent of T', it is still possible to form a Wald-DID
and a Wald-TC type of estimand identifying a weighted average of LATEs under group-level
assumptions. To do so, one merely needs to implement some reweighting to ensure that the

distribution of groups is the same in periods ¢ — 1 and ¢ in the reweighted population. For all
(g9,t) € {0,1,....,9} x {1, ..., ¢}, let

S P(G=g|T =1)

T PG=glT=t-1)

One can show that a weighted average of

EY|G=1,T=t)—E(raY|G;=1,T=t—-1)— (E(Y|G; =0,T =t) — E (ra:Y|G} =0,T =t — 1))
E(D|G; =1,T =t) — E (ra:D|G; =1,T =t —1) — (E(D|Gf = 0,T = t) — E (raxD|G} = 0,T = t — 1))

6



and

E(Y|Gi=-1,T=t)—E(reY|G; =-1,T=t—1)— (E(Y|G; =0,T =t) — E(resY|G; =0,T =t — 1))
E(D|Gf =-1,T=t)— E(re:D|Gf = —1,T =t —1) — (E(D|Gf =0,T =t) — E (re;D|G; =0, T =t — 1))

identifies a weighted average of LATEs under Assumptions 3, 4M, and 5M even if G is not inde-
pendent of T3 One can follow similar steps to construct a Wald-TC type of estimand identifying

a weighted average of LATEs under Assumptions 3 and 4M even if GG is not independent of T

1.3 Particular fuzzy designs

We now return to our initial setup with two groups and two periods. In Section 2, we have
considered general fuzzy situations where the P(Dy = d) were restricted only by Assumption
1 and possibly Assumption 2. We first show that in the special case where P(Dgy = 1) =
P(Dg1 = 1) = P(Dy9 = 1) = 0, identification of the average treatment effect on the treated can

be obtained under the same assumptions as those of the standard DID or CIC models.
Theorem S2 SUppOSG that P(DOO = 1) = P(D01 = 1) = P(D10 = 1) =0< P(Dll = ]_)
1. If Assumption 4 holds, then Wp;p = Wre = E(Y11(1) — Y11(0)|D = 1).

2. If Y(0) = ho(Uy, T) with ho(.,t) strictly increasing, Uy 1L T|G, and S(Uy|G = 1) C
S(UolG = 0), then WCIC = E(Yil(l) - )/11(0)|D = 1)

In this special case, identification of the average treatment effect on the treated can be obtained
under the same assumptions as those of the standard DID or CIC models. Note that under
Assumption 3, the treated population corresponds to S, so E(Y11(1) —Y11(0)|D = 1) = A under

this additional assumption.

Second, we consider cases where P(Dgy = 0) = P(Dg; = 0) € {0,1}. Such situations arise when
a policy is extended to a previously ineligible group, or when a program or a technology previously
available in some geographic areas is extended to others (see e.g. Field, 2007). Theorem 2.1
applies in this special case, but not Theorems 2.2-2.3, as they require that 0 < P(Dy = 0) =
P(Dg; =0) < 1.

In such instances, identification must rely on the assumption that the trends on both potential
outcomes are the same. For instance, if P(Dy = 1) = P(Dpy = 1) =1 and P(Dyy = 1) < 1,
there are no untreated units in the control group that we can use to infer trends for untreated
units in the treatment group. We must therefore use treated units. Instead of the Wald-
TC estimand, one could then use [E(Y1) — E(Yig + 01)]/[E(D11) — E(Dyp)]. But because

3The weights are the same as those in Theorem 1, except that one needs to replace P(G; = 1) and P(G} = —1)
by P(Gf = 1|T =t) and P(G; = —1|T =t) in their definition.



P(Dgy = 1) = P(Dg; = 1) = 1, this quantity is actually equal to the Wp;p. On the other
hand, generalizing the Wald-CIC estimand to these situations requires introducing an estimand

we have not considered so far.

Let us first consider the following assumption.

Assumption 14 (Common trends on both potential outcomes)
holhs (4.1),0) = Iy (i (4,1),0) for cvery y € S(Y).

Assumption 14 requires that trends on both potential outcomes are the same. Once combined
with Assumption 7, it implies that a treated and an untreated unit with the same outcome
in period 0 also have the same outcome in period 1. This restriction is not implied by the
assumptions we introduced in Section 2.4: Assumption 7 alone only implies that two treated
(resp. untreated) units with the same outcome in period 0 also have the same outcome in period
1. An example of a structural function satisfying Assumption 14 is hy(Uy, T) = f(94(Ua),T)
with f(.,t) and g4(.) strictly increasing. This shows that Assumption 14 does not restrict the
effects of time and treatment to be homogeneous. Finally, Assumptions 5 and 14 are related,
but they also differ on some respects. Assumption 5 restricts the average time trends on the two
potential outcomes of always treated to be the same. Assumption 14 restricts time trends on

the two potential outcomes of units satisfying Y (0) = Y (1) at the first period to be the same.

Theorem S3 If Assumptions 1, 3, 7-8, and 14 hold, and P(Do = d) = P(Dyy = d) =1 for
some d € {0, 1},
P(Dyo = d)F,(va)(y) — P(Din = d)Fy,,, (y)
P(D1y = d) — P(D1; = d)
P(Dig=1—=d)Fo,v_uo)(y) — P(Din =1—d)Fy, ,,(y)
P(Dyy=1-d)— P(D;; =1-4d)
E(Y11) — E(Qa(Yao))
E(D11) — E(Dqo)

The estimands considered in this theorem are similar to those considered in Theorem 2.3, except

= A.

that they apply the same quantile-quantile transform to all treatment units in period 0, instead
of applying different transforms to units with a different treatment. Indeed, under Assumption
14, if P(Dyy = d) = P(Dy; = d) = 1 we can use changes in the distribution of Y (d) in the
control group over time to identify the effect of time on Y (1 — d), hence allowing us to recover

both FYH(d)|S and FYH(l—d)\S‘

1.4 Identification with covariates

In this section, we consider a framework incorporating covariates. Let X be a vector of covariates.

We replace Assumptions 1-8 by the following conditions.

8



Assumption 1X (Conditional fuzzy design)
Almost surely, E(D11|X) > E(D1o|X), and E(D11|X) — E(D1o|X) > E(Do1|X) — E(Doo| X).
Assumption 2X (Stable conditional percentage of treated units in the control group)

Almost surely, 0 < E(Dy|X) = E(Dy|X) < 1.

Assumption 3X (Treatment participation equation)
D =1{V >wvgrx}, where V 1L T|G, X. We then define D(t) = 1{V > vaix}.

Assumption 4X (Conditional common trends)

Almost surely, E(Y (0)|G,T =1,X) — E(Y(0)|G,T = 0,X) does not depend on G.
Assumption 5X (Stable conditional treatment effects over time)

Almost surely, E(Y (1) —Y(0)|G,T=1,D(0) =1,X)=E(Y(1)-Y(0)|G, T =0,D(0) =1, X).

Assumption 4°X (Conditional common trends within treatment status at the first date)

Almost surely and for d € {0,1}, E(Y(d)|G,T = 1,D(0) = d,X) — E(Y(0)|G,T = 0,D(0) =
d, X) does not depend on G.

Assumption 7X (Monotonicity and conditional time invariance of unobservables)

Y(d) = hg(Uyg, T, X), with Uy € R and hy(u,t,z) strictly increasing in u for all (d,t,x) €
S((D,T,X)). Moreover, Uy 1. T|G, D(0), X.

Assumption 8 X (Data restrictions)

1. S(Ygu|X = x) = SY) for all (d,9,t,z) € S(D,G,T,X)) and S(Y') is a closed interval
of R.

2. Fy,, |x=a 18 strictly increasing on R and continuous on S(Y'), for all(d, g,t,z) € S((D, G, T, X)).
3. §(Xagt) = S(X) for all (d,g,t) € S((D,G,T)).

For any random variable R, let DIDR(X) = E(R11|X) — (RIO‘X) ( (R[)llX) — E(RO(]’X))
We also let 04(z) = E(Ya1|X = 2) — E(Yaoo|X = ), Qux(y) = Ydm\X .+ © By 1x=2(y), and

DIDy(X)
Wpip(X) = DI
= E<}/11’X> (Y’lo + 5D10( )|X)
Wre(X) = E(D1,|X) — E(Dy|X)
Were(X) = E(Y1u|X) = E(@pi.x(Y10)|X)

E(Dn|X) — E(D1o| X)
Finally, let A(X) = E(Y11(1) — Y11(0)]5, X).



Theorem S4 Assume that Assumptions 1X-3X hold. Then:

1. If Assumptions 4 X-5X are satisfied, and if the third point of Assumption 8X holds, Wprp(X) =

A(X) and
wx = EDIDy(X)|G=1,T=1] _
PID = EIDIDp(X)|G=1,T=1]

2. If Assumption 4’X is satisfied, and if the third point of Assumption 8X holds, Wrc(X) =
A(X) and

E(Yn) - E[E(Ylo + D1051(X) + (1 - D10)50(X)|X)|G =1T= 1}

E(Dyy) — E(E(Dy|X)|G =1,T =1) = A

X
Wie

3. If Assumptions 7X-8X are satisfied, Weio(X) = A(X) and

wX = E(Y11) — E[E(D19Q1,x (Y10) + (1 — D19)Qo.x (Y10)[ X)|G =1, T =1] _ A
cic — E(DH)—E<E<D10|X)|G:1’T:1) o

Incorporating covariates into the analysis has two advantages. First, it allows us to weaken our
identifying assumptions. For instance, if the distribution of X is not balanced in the treatment
and control groups and X is correlated to trends on the outcome, our unconditional common
trends assumptions might fail to hold while the conditional ones might hold (see Abadie, 2005).
Second, there might be instances where E(Dgyy) # E(Dg1) but E(Dg|X) = E(Dn|X) > 0
almost surely, meaning that in the control group the evolution of the treatment rate is entirely
driven by a change in the distribution of X. If that is the case, one can use the previous theorem
to point identify treatment effects among switchers, while our theorems without covariates only
yield bounds. When E(Dgo|X) # E(Dg1|X), one can derive bounds for A(X) and then for A,
as in Theorem 3.1. These bounds could be tighter than the unconditional ones if changes in the

distribution of X drive most of the evolution of the treatment rate in the control group.

1.5 Identification with panel data

We start by presenting modifications of our assumptions better suited for the panel data case.
We index random variables by 7, to distinguish individual effects from constant terms. First, we

replace Assumption 3 by the following assumption.

Assumption 3P (Treatment participation equation with panel data)
Diy = Vit > vg,1}, where Vir|Gi ~ Vig|Gi.

Assumption 3P is better suited for panel data than Assumption 3 because it allows for units in
both groups to switch treatment in both directions, from non-treatment to treatment but also

the other way around. In this framework, treatment and control group switchers are respectively
defined as S; = {Vi1 € [v11,v10), G; = 1} and S] = {V}; € [min(v1, voo), max(vey, veo)), G; = 0}.

10



Under Assumption 3P, Theorems 2.1, 2.2, and 2.3 remain valid under the following modifications

of Assumptions 5, 4’, and 7:

Assumption 5P (Stable treatment effect over time)
E(Yi(1) = Yu(0)|Gy, Ve > va,0) = E(Yio(1) — Yio(0)[Gy, Vie > vg,0)-

Assumption 4°P (Conditional common trends)

E(Yi(1)|Gi, Vit > ve,0)—E(Yio(1)|Gi, Vio > va,0) and E(Y;1(0)|Gi, Vii < vg0)—E(Yio(0)|Gy, Vie <
veG,0) do not depend on G.

Assumption 7P (Monotonicity and time invariance of unobservables)
Yie(d) = hg(Uia, t), with Uyg € R and hg(u,t) strictly increasing in u for all (d,t) € {0,1}%
Moreover, Uipa|Gi, Vio > va,0 ~ UnalGi, Vi 2 va,0 and Uipa| Gy, Vio < vg,0 ~ UnalGi, Vir < vg,o-

Then we discuss whether those assumptions are satisfied in standard panel data models. We

consider the following model.

Assumption 15 (Panel data model)

Yie = Ao + v + [Bi + M) Dig + €at) (32)
where A(.) is strictly increasing, (o, 5;)|Gi, Vin = vg,0 ~ (i, Bi)|Gi, Vio > va,0 and (o, 5;)|Gi, Vin <
vg,0 ~ (i, Bi) |Gy, Vio < vayo-

Equation (32) has time and individual effects. It allows for heterogeneous and time varying

treatment effects that can be arbitrarily correlated with the treatment, the individual effect «;,

and the idiosyncratic shocks.

Theorem S5 below shows that when the treatment rate is stable in the control group, A is
identified by the Wald-DID, Wald-TC, or Wald-CIC estimand under alternative restrictions on
A(.), A, and the distribution of ;.

Theorem S5 Suppose that Assumptions 1, 2, 3P, and 15 hold.
1. [f A(’y) =Y, >\t = 0, and E(<€11|Gz) = E(€¢0|Gi), then WDID = A.

2. If My) = vy, E(ea|Gi, Vi1 > vg0) = E (€i0|Gi, Vio > vg,0), and E (€i|Gy, Vii < vg0) =
1) (6,’0|Gi, Vio < 'UGZ.Q), then Wre = A.

3. [f €i1|04i,51'7Gi,Vﬂ > Vg0 ~ 5i0|ai>ﬁi;Gi>‘/iO > VG0 and €i1|ai7ﬁini;%1 < Vg0 ~~
gioli, Bi, Gi, Vio < vg,0, then Were = A.

Theorem S5 underlines the trade-off between the three estimands in the context of this panel
data model. The Wald-DID requires the least stringent condition on the idiosyncratic terms e,
but it requires that treatment effects do not vary over time. The Wald-TC does not rely on this
condition, but it imposes more restrictions on £;;. The Wald-CIC is even more restrictive on this

front, but it allows for nonlinear models on the outcome.
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2 Additional inference results
2.1 Inference with multiple groups

In applications with multiple groups, it might be the case that the supergroups G, G;, and G; we
introduced in Subsection 3.2 are not known. That is for instance the case when the treatment
varies at the individual level, as in Duflo (2001), and not only at the group level, as in Gentzkow
et al. (2011). In this subsection, we propose an estimation procedure of these groups, and we
show that when the number of groups is fixed this first-step estimation of the supergroups does
not have any impact on the asymptotic variances of our estimators. We assume that the support
of G is equal to G = {0, ...,g}. We need to estimate Gs, G;, G4, and G* = 1{G € G;} — 1{G € G4}.
To this end, let p, = ﬁ(Dgt = 1), pg = (ng1Dg1 + NgoPgo)/(ng1 + ngo) and let us define the t-test

T — Ng1Mgo ﬁgl - ﬁgD
J V 7eg1 + g0 /Dy (1 — Py)

Let x, denote a threshold tending to infinity at a rate specified below. We estimate the super-

groups as follows:
gAs:{gegi Ty| < Kn}, gAz':{gEg: T, > Kn}, éd:{geg: T, < —Kn}.
Then we define, for any unit j of the sample,
G:=1{G; € G;} — 1{G; € Ga}.

Next, we consider plug-in estimators of W, Wi and WS, ~. We simply provide details for
W p, as the other two are defined similarly. For any random variable R and (g,¢’) € {—1,0, 1},
we estimate DID%(g,9") by

DID* (9,9

ZR— > Ry,

Ljezs, g0 JELS 91 JE€T?, '0 €T,

\iv\here Ty = 1{j : @; :Ag,Tj = 1} and n;, is the size of Zr,. We let, for g € {-1,0,1},
P(G*=g)= %Zyzl 1{G} = g} and estimate wyo by

DID%(1,0)P(G* = 1)
DID%(1,0)P(G* = 1) + DID%(0, —1)P(G* = —1)

W10 =

We finally estimate W}, by

_ DID%(1,0 . DID3(—1,0
WDID = 'wlo/\—() + (1 — wlo)#.
DID%(1,0) DID%(—1,0)
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Theorem S6 Assume that Assumption 3 is satisfied, that Gy # (), and that G 1L T. Assume
also that Kk, — 0o and k,//n — 0.

1. If E(Y?) < co and Assumptions 4 and 5 are satisfied,
Vi (Whip = &%) =5 N 0,V (1))
where V5, is defined in Equation (65) in Subsection 5.7 below.
2. If BE(Y?) < oo and Assumption 4’ is satisfied,
Vit (Wi = &%) 5 N0,V (¥5c))
where Y} is defined in Equation (66) in Subsection 5.7 below.

3. If Assumptions 7, 8 and 12 are satisfied,

/\* * L *
vn (WCIC -A ) — N(0,V (¥&ie)) s
where * is defined in Equation (67) in Subsection 5.7 below.

This theorem is very similar to Theorem 4.1. In particular, the first-step estimation of the
supergroups does not have any impact on the asymptotic variances of our estimators. This is
because the number of groups is fixed here, implying that the size of each group tends to infinity.
Then, with probability approaching one, all the groups can be classified correctly by letting &,

tend to infinity at an appropriate rate.

We expect this asymptotic framework to provide a good approximation of the finite sample
behavior of the estimators when the size of each group is large compared to the total number
of groups, g + 1. Then the probability of perfect classification is likely close to one. On the
other hand, this asymptotic framework is not appropriate when the number of groups is large
compared to the number of units in each group, as is the case in our application to Duflo (2001)
where there are 284 groups with 109 units on average. If one considers instead an asymptotic
framework where the number of groups tends to infinity, classification errors in the first step

may matter even asymptotically. Dealing with this case is left for future research.

2.2 Inference with clustering

In many applications, the i.i.d. condition in Assumption 11 is too strong, because of cross-
sectional or serial dependence within clusters. However, in such instances one can build upon
our previous results to draw inference on the Wald-DID and Wald-TC, as well as on the Wald-

CIC if clusters are of the same size.
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We consider an asymptotic framework where the number of clusters C' tends to infinity while

the sample size within each cluster remains bounded in probability. Let n. = #{i € ¢}, 1. =

c . .
%Zczl Ney Net = #{Z eEc: ﬂ = t}a Nedar = #{Z ec: I—IL = t7Dl = d}: Dct = nLct ice:T=t D’ia
Y., = n% icem— Yi, and Yog = nLdt > iceTi—t.0,—a Yi> With the convention that the sums are

equal to zero if they sum over empty sets. Then we can write the estimators of the Wald-DID
and Wald-TC as simple functions of averages of these variables defined at the cluster level. Using
the same reasoning as in the proof of Theorem 4.1, we can linearize both estimators, ending up
with

c
vVC </M7DID — A) = % Z %@DC,DID +op(1),
=1 "¢

c
Ve (WTC — A) = % Zl %Z%,Tc + op(1),

where Y. prp = ni Ziec Y; prp and similarly for ¥, rc. In other words, to estimate the asymp-
totic variance of our estimators while accounting for clustering, it suffices to compute the average
over clusters of the influence functions we obtained assuming that observations were i.i.d, mul-

tiply them by 2=, and then compute the variance of this variable over clusters.

The Wald-CIC estimator, on the other hand, cannot be written as functions of variables aggre-
gated at the cluster level: it depends on the variables of every unit in each cluster. A similar
argument as above still applies if clusters are of the same size. To see this, note that the Wald-
CIC estimator with clusters of the same size can be linearized, because weak convergence of the
empirical cdfs of the different subgroups still holds in this context.* We conjecture that a similar

result can also be obtained when clusters are of random sizes.

2.3 Inference under partial identification

In this section, we show how to draw inference on the bounds given in Theorem 3.1. We adopt
the same notation hereafter. In order for the bounds to be finite, we assume that S(Y') = [y, 7]
with —co < y <y < +oo. We also suppose for simplicity that y and § are known by the
researcher.® If not, they can respectively be estimated by min;—; ,Y; and max;—; , Y;, and

Theorem S7 below remains valid under regularity conditions on Fy,,, at these boundaries.

4To simplify, let us ignore the different subgroups and let us consider the standard empirical process on Y. Let
Y.=(Ye,...., Yen.)’, where Y,; denotes the outcome variable of individual ¢ in cluster c. Because the (Y.).=1..c
are i.i.d., its multivariate empirical process converges to a multivariate gaussian process. The standard empirical
process on Y can be written as the average over the n. components of this multivariate process. Therefore, it
also converges to a gaussian process.

°In particular, we estimate F;d%7f (0) and F;d}ﬂ(l) by y and ¥ respectively. The definition of ﬁ;d; (r) for
7 € (0,1) remains the same as in Section 4 of the main paper.
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Jf(Dm:d) X P(D11=d)
P(Doo=d)’ !

First, let us consider the Wald-TC bounds. Let /):Od =

ISH
I
)
o
2
Il
£

01(y) = Moy (1 — Xoa(1 = Fy, (y))> — Moy(1 = Xoa)L{y < 7},

da01(y) = Mo (/)\\OdﬁYdm(y)) +(1— M01(/)\\0d))]1{3/ >y}

D L‘ij)

&l

Then define
~ ~ 1 - ~ 1
b4 = /?Jdde(y) -— ) Y 5d=/ydEd01(y) -— ) Y
} :€Zd00
Finally, we estimate the bounds by

1 1 < 1 1 "~
W _ ni1 ZiEIu Yi— nio ZiEIw |:Y; + 5D,:| _—= ni1 ZiEIn Yi— n1o ZiEIm [Y; + éD1:|
22 7TC — .

) WTC' -
an Ziel-n 'Dl - anO ZiEI10 Dz nLH ZiEZH DZ - nLlo Zielm Dl
Now let us turn to the Wald-CIC bounds. For d € {0, 1}, let

~ o~ ~ o~ A R ~ o~ ~ 14~ A ~
id _ M01 <A0dFYd01 : Hd 1()‘1dFYd11)> )Td _ M01 (AOdFYdm B Hd /g)‘ldFYdu + (1 - Ald))) ,

Aog — 1 Aog — 1

G o P 3 ~ NaFy,,, — Hyo Gy(T
Gd(T) - )‘OdFYdm + (1 - )\Od)T, Cd(T) — Z2ud Ydll/): dlo d( )
1d —

We then estimate the bounds on Fy,, (4)5 by
Forcaly) = 5w Ca (T,) (), Ferealy) = inf Cu (Tu) ().
y'<y y'zy

Therefore, to estimate bounds for the LATE and LQTE, we use

Weie = /deCIC,l(y) - /ydECIC,O(y)a Were = /ydﬁcm,l(@/) - /ydfcm,o(y),

~—1 1 =R ] ~—1

?q = FCIC,I(Q) - ECIC,O(Q)v Tqg= ECIC,1(Q) - FCIC,O(Q)'

Hereafter, we define ¢ = Ferco(y), 7= Foreo@), @i = [MiFyiy, © Fﬁél()%n) —1]/[M1 — 1] and
¢ = [M1Fy,,, © F;lil(l — 1/X01)]/[A11 — 1]. Our results rely on the following assumptions.

Assumption 16 (Technical conditions for inference with TC bounds)
1. S(Y) = [y, ] with —oo <y <y < +00.
2. Xoo # 1 and for d € {0, 1}, the equation Fyp (y) = 1/Aao admits at most one solution.

Assumption 16 allows for continuous or discrete outcome variables. In the case of a discrete
variable, the equation Fyo(y) = 1/Ag will have no solution, except if there is a point in the
support of Ygo; at which Fyo;(y) is exactly equal to 1/\g9. Therefore, Assumption 16 rules out
only very rare scenarios. In the continuous case, the equation Fy1(y) = 1/Ago will have a unique

solution if, e.g., Fyy; is strictly increasing on its support.
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Assumption 17 (Technical conditions for inference with CIC bounds)
1. Ao # 1 and ¢ < 7.

2. Foroq and ch,d are strictly increasing on S, = [Ea}c,d(ﬂ%ﬂa}c,d@)] and
Sy = [F;C,d(@?F;C,d@)] respectively. Their derivatives, whenever they ezist, are strictly

positive.

The condition ¢ < g in Assumption 17 is automatically satisfied when Agg > 1, because then
the bounds are proper cdfs so ¢ = 0 and g = 1. When Ay < 1 and Assumption 10 holds,
one can show that it is satisfied when A9 < Hy(Aoo) — Ho(1 — Ago). The larger the increase of
the treatment rate in the treatment group and the smaller the increase in the control group,
the more this condition is likely to hold. The strict monotonicity requirement is only a slight
reinforcement of Assumption 10. When A\gg < 1, £ 1c,0 and Fc]ao satisfy Assumption 17 when
Hy(AooFoor) — AoFo11 and Ho(AgoFoor + 1 — Aoo) — AoFp11 have positive derivatives on S(Y'). If

Hy is equal to the identity function, this will hold if the ratio of the derivatives of Fy;1 and Fyop

Aoo
A10

the treatment group and the smaller the increase in the control group, the more this condition

is strictly lower than £%. Hence, here as well, the larger the increase of the treatment rate in
is likely to hold. It is possible to derive similar sufficient conditions for Assumption 17 to hold
in the three other possible cases (F 1c,0 and ch,o when A9 > 1, F c1c and 7010,1 when
Moo < 1, and Fye; and ch,l when Aoy > 1). We refer the reader to the proof of Lemma S6

for more details.

Theorem S7 establishes the asymptotic normality of the estimated bounds of A and 7, for ¢ € Q,
where Q is defined as (¢,q)\{q1, g2} when Agp > 1 and (0,1) when Ay < 1.

Theorem S7 Assume that Assumptions 1, 3, and 11 hold.

- If Assumptions 4’ and 16 also hold, then (ETC — Woe, Wre — Ware) are asymptotically

normal. Moreover, the bootstrap is consistent for both.

- If Assumptions 7-8, 10, 12 and 17 hold, then (ECIC — Weie, Were — Were) and (T, —
Ty Tq — Tq), for ¢ € Q, are asymptotically normal. Moreover, the bootstrap is consistent

for both.

For the CIC bounds, we restrict ¢ to Q@ when Aoy < 1 because the estimated bounds on 7, are
not root-n consistent and asymptotically normal for every ¢. First, the estimated bounds are
equal to the true bounds with probability approaching one for ¢ < g or ¢ > g, because basically,

the true bounds put mass at the boundaries y or 7.5 Second, the bounds may exhibit kinks

6 A similar conclusion holds if y or y are estimated rather than known by the researcher: the estimators are n

rather than root-n consistent and not asymptotically normal.
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at q1 and g, which also leads to asymptotic non-normality of 7, and 3'_\,1. On the other hand,
when Ay > 1, asymptotic normality holds for every ¢ € (0,1): the bounds on Fy,, (4)s are not
defective cdfs, and they do not exhibit kinks, except possibly at the boundaries of their support.

Theorem S7 can be used to construct confidence intervals on A and 7, as follows. Let us focus
on the Wald-TC bounds on A, the reasoning being similar for other bounds and parameters. If
we know ex ante that partial identification holds or, equivalently, that Aoy # 1, we can follow
Imbens and Manski (2004) and use the lower bound of the one-sided confidence interval of level
1 —a on Wy and the upper bound of the one-sided confidence interval of level 1 — a on We.
However, in practice we rarely know ex ante whether Aoy = 1 or not. This is an important
issue, since the estimators and the way confidence intervals are constructed differ in the two
cases. To address this issue, we propose a procedure that yields confidence intervals with desired
asymptotic coverage in both cases. Let 7),, denote an estimator of the variance of Xoo- Our

procedure has three steps:

/):()0—1

1. Compare ty,, = to some sequence (¢, )nen satisfying ¢, — +oo and \C/—% — 0.

9200

2. If ty,, < cy, form confidence intervals for A using the point identification results.
3. If ty,, > cn, form confidence intervals for A using the partial identification results.

This procedure yields pointwise valid confidence intervals, because comparing [t,,,| to ¢, instead
of a fixed critical value ensures that asymptotically, the probability of conducting inference under
the wrong maintained assumption vanishes to 0. An inconvenient of this procedure is that it relies
on the choice of a tuning parameter, the sequence (¢, ),en. Note that many procedures recently
suggested in the moment inequality literature also share this inconvenient (see Andrews and
Soares, 2010 or Chernozhukov, Lee and Rosen, 2013). Also, it is unclear whether the confidence
interval C'I;_,, resulting from that procedure is uniformly valid, i.e. whether it satisfies

lim inf inf PAeClh_,)>1-aq,

n—00 PEPo A€W o, Wrc]
where Py denotes a set of distributions of (D, G, T,Y’). Uniformly valid confidence intervals on
partially identified parameters have for instance been proposed by Imbens and Manski (2004),
Andrews and Soares (2010), Andrews and Barwick (2012), Chernozhukov, Lee and Rosen (2013),
and Romano et al. (2014). However, to the best of our knowledge none of the existing procedure
applies to our context. The solutions suggested by Imbens and Manski (2004) or Stoye (2009)
require that the bounds converge uniformly towards normal distributions. But our bounds
involve the terms My (Aog) and Mo (1 — Aogq), with My, non-differentiable at 0 and 1. Therefore,
our estimators are not asymptotically normal when Aoy = 1. The literature on moment inequality
models does not apply either. One can for instance show that under Assumptions 1, 3 and 4,

our parameter of interest A satisfies a moment inequality model with four moment inequalities.
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However, the moments depend on preliminary estimated parameters that once again, do not
have an asymptotically normal distribution when \gg = 1, thus violating the requirements of,
e.g., Andrews and Soares (2010) and Andrews and Barwick (2012).

2.4 Inference with covariates

In this section, we consider estimators of the Wald-DID, Wald-TC, and Wald-CIC estimands
with covariates derived in Subsection 1.4. For the Wald-DID and Wald-TC, our estimators are
entirely non-parametric.” For the Wald-CIC, we could define an estimator using a nonparametric
estimator of the conditional quantile-quantile transform )4 x. However, such an estimator would
be cumbersome to compute. Following Melly and Santangelo (2015), we consider instead an
estimator of (); x based on quantile regressions. This estimator relies on the assumption that
conditional quantiles of the outcome are linear. However, it does not require that the effect of
the treatment be the same for units with different values of their covariates, contrary to the

estimator with covariates suggested in Athey and Imbens (2006).

Let us assume that X € R" is a vector of continuous covariates. Adding discrete covariates
is easy by reasoning conditional on each corresponding cell. We take an approach similar to,
e.g., Frolich (2007) by estimating in a first step conditional expectations by series estimators.
For any positive integer K, let p®(z) = (p1x(z), ..., prr (7))’ be a vector of basis functions and
PE = (p%(X4),...,p%(X,,)). For any random variable R, we estimate m®(z) = E(R|X = z) by

the series estimator
m(z) = p™r(z) (P*P*")" P* (Ry, ..., R,),

where (.)~ denotes the generalized inverse and (K, )nen is a sequence of integers tending to
infinity at a rate specified below. Following Frélich (2007), for any (g,t) € {0,1}? we estimate
mit(x) = B(RylX = @) by wfi(z) = mtO=sT=0R(a) /516070 (z). mf () = B(Rug| X =
x) is estimated similarly. Then our Wald-DID and Wald-TC estimators with covariates are

defined by

/WX - nLH EiEIu |:Y; - fﬁ{O(XJ - mg)/l(Xl) + T/T\L(}]/O(Xlﬂ
pro =Y ey, [Di = My (Xy) — M) (X) + mify (X3)]
o S, [V W00 — ARDAX) — (1= WR(X)(X)]
WTC — ] 9

“In our Stata package, we also implement estimators relying on the assumption that all the conditional
expectations in W3, and W2, are linear functions of X and can therefore be estimated through simple OLS
regressions. These estimators might prove useful when the set of covariates is rich and the estimation of our non-
parametric estimators is cumbersome. Asymptotic normality of these estimators follows directly from standard

results on OLS regressions and the Delta method.
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where 04(z) = Yy, (z) — My, ().

We then introduce our Wald-CIC estimator with covariates. Suppose that for all (d, g,t,7) €
{0,1}° x (0,1),

Fy, 1x—o(7) = 2 Bagt(7).

Using the fact that Fy, ,x=.(y) = fol]l{F;diﬂX:x(T) < y}dr (see, e.g., Chernozhukov et al.,
2010), we obtain

Qaz(y) = 2’ Bao (/01 1{2'Baoo(7) < y}dr) .

Besides, some algebra shows that
1 1
EQp,,x(Y10)|X] = mﬁ)(X)/ Q1x (X Brio(u))du + (1 — mff)(X))/ Qo,x (X' Boro(u))du.
0 0

Hence, we estimate Wi~ by

R Y [V R ) Qu (X{Buo(w)du — (1 = iy (X)) fy Qox, (X[ orolu))du
e nr Sier,, [Di — (X)) ’

where the estimator of the conditional quantile-quantile transform satisfies
~ ~ 1 ~
Qax(y) = ' Baoi (/ {2 Baoo(T) < y}dr) ;
0

and Bdgt(T) is obtained from a quantile regression of Y on X on the subsample Z;:

Buage(7) = argmin 3 (r = 1{Y; = XI5 < 0})(¥; — X;8).

iGIdgt

Here B denotes a compact subset of R” including B44(7) for all (d,g,¢,7) € {0,1}® x (0,1). In
practice, instead of computing the whole quantile regression process, we can compute 7 — Bdgt(’]')
on a fine enough grid and replace integrals by corresponding averages. See Melly and Santangelo

(2015) for a detailed discussion on computational issues.

We prove the asymptotic normality of our estimators under the following assumptions.
Assumption 18 (Regularity conditions for the series estimators)

1. For any (d,g,t,«) € {0,1}® x {0,1,2}, inf,esx) P(D =d,G = g, T =t|X = z) > 0 and
= E(1{D = d}1{G = g}1{T = t}Y*|X = x) is s times continuously differentiable on
S(X), with s > 3r.

2. §(X) is a Cartesian product of compact connected intervals on which X has a probability

density function that is bounded away from zero. Moreover E(X X') is nonsingular.
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3. The series terms pyk,, 1 < k < K,,, are products of polynomials orthonormal with respect
to the uniform weight. Moreover, Kn®/"™" /n — 0o and KT /n — 0.
Assumption 19 (Regularity conditions for the conditional Wald-CIC estimator)
For all (d,g,t,z,7) € {0,1}® x S(X) x (0,1), F;dgl,tIX:a:(T) = 2 Bage(T), with Bage(T) € B, a

compact subset of R". Moreover, Fy, x=. is differentiable, with

0< inf | X=z < sup X = < +00.
(x,y)es(X)xs(Y)deg x=a(¥) (m)es(x)xs(y)f%g x=z(Y)

Assumption 19 implies that Y has a compact support. If its conditional density is not bounded
away from zero, trimming may be necessary as discussed in Chernozhukov, Fernandez-Val and
Melly (2013) and Melly and Santangelo (2015).

Theorem S8 Suppose that Assumptions 1X-3X, 11, and 18 hold. Then
1. If Assumptions 4X-5X and the third point of Assumption 8X also hold,
Vi (Waip =) =5 N (0,V (1))
where the variable 13y, is defined in Equation (68) in Section 5.
2. If Assumption 4°X and the third point of Assumption 8X also hold,
Vi (Wie = 8) =5 N (0.V(¥3)
where the variable V3, is defined in Equation (69) in Section 5.
3. If Assumptions 7X-8X and 19 also hold,
Vi (Weie = 8) =5 N (0,V(45e)) |
where the variable V2, is defined in Equation (71) in Section 5.

We prove the asymptotic normality of the Wald-DID and Wald-TC estimators using repeatedly
results on two-step estimators involving nonparametric first-step estimators, see e.g. Newey
(1994). Proving the asymptotic normality of the Wald-CIC estimator is more challenging. We
have to prove the weak convergence of \/n (Bdgt(.) — Bdgt(.)>, seen as a stochastic process, on
the whole interval (0,1). To our knowledge, this convergence has been established so far only
on [g,1 —¢], for any € > 0 (see, e.g., Angrist et al., 2006). Here, the more general result holds
thanks to our assumptions on the conditional distribution of Y. Finally, note that our Wald-CIC
estimator does not require any first-step nonparametric estimator when P(Djy = 1) = 0. In
such a case, asymptotic normality still holds without the regularity conditions in Assumption
18. Only the nonsingularity of E(XX') is needed. In Section 4, we revisit results from Field
(2007) where P(Dyy=1) = 0.
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3 Additional material on returns to education in Indonesia
3.1 Descriptive statistics

In this subsection, we report descriptive statistics on the sample used in Section 5 of the main
paper, a subsample of male wage earners interviewed in the 1995 intercensal survey of Indonesia
(see Table S1 below). Cohort 0 are men born between 1957 and 1962. Cohort 1 are men born
between 1968 and 1972. The average log-wage of cohort 0 is 30% higher than that of cohort
1, presumably reflecting the fact that in 1995, the year when the wages of both cohorts are
measured, cohort 0 has more labor market experience than cohort 1. On the other hand, cohort
0 completed 0.32 fewer years of schooling than cohort 1. Cohort 1 bears less individuals, which

reflects the fact it comprises only 5 yearly birth cohorts, while cohort 0 comprises 6 of them.

Table S 1: Descriptive statistics

Cohort 0 Cohort 1

Average log-wages 7.02 6.72
Average years of schooling 9.25 9.57
N 16 118 14 710
Number of districts 284 284
Units per district 56.75 51.80

Notes. This table reports descriptive statistics on the sample used in Section 5 of the main paper. Cohort 0 are
male wage earners born between 1957 and 1962. Cohort 1 are male wage earners born between 1968 and 1972.

3.2 Computation of the bounds with an ordered treatment

Let A9 = Zgzl EY11(d) — Yii(d — 1)|D(1) > d,D(0) < d)wg denote the ACR parameter
introduced in Subsection 3.3 in the main paper. When treatment is ordered and its distribution
is not stable in the control group, we can obtain bounds on A® following the same reasoning as

that used to derive bounds on A with a binary treatment.

We start by deriving bounds valid under Assumptions 1, 3’ and 4’, hereafter referred to as
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TC-bounds. Under these assumptions, one can show that
E(Yu1) = E(Yi0) = 340 P(D1o = ) E(Yoi (d) — Yoo(d)|D(0) = d)
E(D11) — E(D1o)
_E(Yn) = E(Yio) = i P(Dio = d) [E(Yor ()| D(0) = d) — E(Yaw)]
E(D11) — E(Dyp) '
Therefore, to obtain bounds on A, it suffices to bound E(Yy(d)|D(0) = d). We have to
distinguish between several cases:

L. [FDoo(d - 1)>FDoo(d)) - [FD01(d - 1)>FD01 (d)) Then
E (Yoo |Yan < Fy,, (V) < E(Yu(d)|D(0) =d) < E (Yaor [Yaor > F;dil(l -N),

Y01

with A = (FD00<d) - FDoo(d - 1))/(FD()1 (d) - FDOl (d - 1))

A° =

2. [Fp,, (d—1),Fp,,(d)) C [Fpy,(d—1), Fpy,(d)). Then
E(Yor ()| D(0) = d) = L/AE(Yaor) + (1 — 1N E(Yor ()| D(0) = d, D(1) # d).
We then bound the last expectation of the right-hand side by y = min Y and § = max Y.
3. FDOl(d — 1) < FDOO(d — 1) < FDm(d) < FDOO(d). Then
E (Yo ()| D(0) = d) = uB (You (4)| D(0) = d, D(1) = d)+(1—p) E (Yor (4)| D(0) = d, D(1) # d)

with p = (Fp,,(d) — Fpy(d —1))/(Fpy,(d) — Fpy,(d —1)). We bound the last expectation
by y and y. The first expectation of the right-hand side satisfies

E <Yd01|yd01 = Fﬁjdél(’/)) < EYn(d)|D(0)=d,D(1)=d) < E (Yd01|Ydo1 > Ffdil(l — 1/)) ,
with v = (FDm (d) - FDoo(d - 1))/(FD01 (d) - FDOl(d - 1))

4. Fpy,(d—1) < Fp,(d—1) < Fpy,(d) < Fp,,(d). We apply the same reasoning as in the

previous case.

5. [Fpe(d—1), Fpy, (d))N[Fp,y, (d—1), Fp,, (d)) = 0. Then we simply bound E (Yy1(d)|D(0) = d)
by y and .

One can follow a similar reasoning to obtain bounds for A® valid under Assumptions 1, 37,
7, and 8, hereafter referred to as CIC-bounds. Under those assumptions, one has to bound
@d(y) = F;oi(d)\D(O):d o Fyyo(a)|p(0)=a 0T, equivalently, Fy; (4 p)=qa- To do so, we simply replace
the expectations in the equations above by cdfs. When we estimate these bounds in Table 3
in the main paper, we do not estimate bounds for Qg for each year of schooling. Instead, we
group schooling into 5 categories (did not complete primary school, completed primary school,
completed middle school, completed high school, completed college). Thus, we avoid estimating
the bounds on a very small number of units. To be consistent, we also use this definition when

estimating the numerator of our TC bounds.
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3.3 Choosing between the estimands

3.3.1 The Wald-DID is incompatible with decreasing returns to experience

In this application, the assumptions underlying the Wald-DID estimand are incompatible with a
simple wage equation with decreasing returns to experience. To see this, suppose for simplicity
that cohort T" = t gathers people whose age is exactly a; + 6 at the moment of the survey. Then
the experience of someone with 7=t and D = d is (a; + 6 — (d 4+ 6)) = a; — d. Suppose also
that

Y (d) =a(d,G) + f(ar — d) + e(d), (33)

where f(.) is increasing and concave, and E(e(d)|D(t),G,T) = 0. Then:

E(Y(d) - Y(0)|G,T =t,D(t) = d)

(d7 G) - a(07 G) + f(at - d) - f(at)
(d,G) —a(0,G) + f(az—1 — d) — f(az—1)
(Y(d)-Y(0)|G,T=t—1,D(t—1)=d).

a

A
4y S

Hence, Assumption 5 is violated because of decreasing returns to experience.

3.3.2 Placebo tests

We use placebo experiments to assess the plausibility of the assumptions underlying the new
estimators of returns to schooling we propose in Subsection 5.2 of the main paper. For that
purpose, we use the cohorts of men born between 1945 and 1950 (cohort -2 hereafter) and
between 1951 and 1956 (cohort -1). Then, we compare the evolution of years of schooling and
wages from cohort -2 to -1, -1 to 0, and 0 to 1 in our two treatment groups (@* = 1 and
G* = —1) and in our control group (G* = 0). We also estimate the numerators of our Wald-TC

and Wald-CIC estimators for each pair of consecutive cohorts.

The results are displayed in Table S2. First consider the group G* = 1 where schooling increases
between cohorts 0 and 1. The difference in average years of education between G* = 1 and
G* = 0 is stable in cohorts -2, -1, and 0, while it is much larger in cohort 1. This shows that
cohorts -2, -1 and 0 can indeed be used to perform placebo tests. Specifically, we can test for
Assumptions 4-5 by testing the significance of the DID of wages between these three cohorts.
These two DIDs are insignificant, though the DID between cohorts -2 and -1 is close to being so,
with a t-stat of 1.43. Testing the significance of the numerators of the corresponding Wald-TC
(resp. Wald-CIC) estimators provides a test of Assumption 4’ (resp. Assumption 7). These

placebo estimators are small and insignificant.
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Table S 2: Placebo tests

2vs-1 -1vs0O Owsl

G'=1vs G* =0 DID schooling 0.108  -0.006 1.030
(0.191)  (0.160) (0.127)
DID wages 0.050  0.002  0.164

(0.035) (0.026) (0.028)
Numerator Wald-TC ~ 0.024  -0.012  0.103
(0.026) (0.021) (0.028)
Numerator Wald-CIC ~ 0.023  -0.009  0.099
(0.027) (0.021) (0.028)

N 14,452 19,938 22,339

G'=-1vsG" =0 DID schooling 0.115  0.295  -0.695
(0.217)  (0.156) (0.120)

DID wages 0.013  0.008 -0.057

(0.038) (0.027) (0.029)

Numerator Wald-TC  -0.006  0.020  -0.068
(0.033) (0.022) (0.027)

Numerator Wald-CIC  -0.007  0.018  -0.072
(0.032) (0.023) (0.028)

N 9,361 12,909 13,357

Notes. This table reports placebo estimates comparing the evolution of education and wages in our new groups

of districts. Standard errors are clustered at the district level.

The same conclusion holds when comparing the group G* = —1 where schooling decreases
between cohorts 0 and 1 with our control group G* = 0. Neither the DID of wages nor the
numerators of the Wald-TC and of the Wald-CIC are significant in the older cohorts. Note
however that we cannot interpret the estimators comparing cohorts -1 and 0 as placebo tests,
because years of schooling significantly changed between these cohorts in G =—1. Following
the discussion in Subsection 1.1 of this supplementary material, these placebos might differ from
0 due to the effect of the treatment.

Finally, the same conclusion also holds when we run placebo tests conditionally on different values
of the treatment, so as to assess more testable implications of Assumption 4’ (see Subsection 1.1
of this supplementary material). Let D’ denote a dummy equal to 1 for units completing high
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school. We regress Y on D', 1— D', D' x G*, (1—D')x G*, D' x 1{T = 0}, (1— D) x 1{T = 0},
D' x G* x 1{T =0}, and (1 — D) x G* x 1{T = 0} within the sample of units with 7" = —1 or
T =0and G* =0 or G* = 1. The test of the nullity of the coefficients of D x G* x T =0}
and (1 — D) x G* x 1{T = 0} is not rejected (p-value = 0.16). The corresponding test within
the sample of units with 7"= —2 or 7' = —1 and G* =0 or G* =1 is also not rejected (p-value
= 0.16). Finally, the corresponding test within the sample of units with 7" = —2 or 7' = —1
and G* = 0 or G* = —1 is not rejected either (p-value = 0.30). The placebo tests therefore
lend strong support to the assumptions underlying the Wald-TC and the Wald-CIC. They lend
weaker support to the assumptions underlying the Wald-DID, because one of the placebo DIDs

is close to being significant.

We now further argue that the placebo DID tests may have low power. Indeed, decreasing
returns to experience would entail smaller violations of Assumption 5 for older cohorts than for
cohorts 0 and 1. Assume that potential wages are determined according to Equation (33) above,
where returns to experience are supposed to be decreasing. As explained above, these decreasing
returns lead to a violation of Assumption 5. Now, the extent to which Assumption 5 is violated

is equal in absolute value to:

[f(arr = d) = flaa)] = [f(ar — d) = f(ar)]. (34)

The age gap a; — a;—1 is larger between cohorts 0 and 1 (1957-1962 and 1968-1972 birth cohorts)
than between cohorts -2 and -1 (1945-1950 and 1951-1956 birth cohorts) and between cohorts
-1 and 0.8 Together with the concavity of f, this implies that the bias term in (34) is strictly
smaller for t = —1 and ¢t = 0 than for ¢t = 1, as long as f’ is convex or linear. This is for instance

the case with a quadratic or logarithmic model in experience.

3.4 Robustness checks on our procedure to estimate treatment and control groups

In this subsection, we investigate whether the results we present in Subsection 5.2 in the main
paper are robust to our first-step estimation of the treatment and control groups, and whether
they would change much if we were to account for this first-step estimation in our second-step

estimation of returns to schooling.

First, we investigate whether misclassifications of treatment districts as controls can bias our
results. To do so, we construct our groups again using a more liberal criterion. Specifically,
we assign a district to the control group if the p-value of the chi-squared test comparing years
of schooling in cohorts 0 and 1 is greater than 0.6. The control group we obtain this way is

30% smaller than the previous one. It also has a more stable distribution of years of schooling:

8Note that our definition of cohorts 1, 0, and -1 is the same as in Duflo (2001). We added cohort -2 to estimate

a second placebo estimator.
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a chi-squared test does not reject the assumption that this distribution is the same between
the two cohorts. Using this new control group hardly changes our estimates: the Wald-DID,
Wald-TC, and Wald-CIC are now respectively equal to 13.9%, 9.3%, and 9.2%.

Second, we investigate whether our estimation of the control group biases our estimates of
returns to schooling. Our method uses the data twice, to form groups and to estimate returns
to education. It therefore shares some similarities with the methods studied in Abadie et al.
(2013), which can produce finite sample biases. To detect potential biases, Abadie et al. (2013)
suggest comparing the baseline estimator to a split-sample estimator where half of the sample is
used to construct groups, while the other half is used to compute the estimator. We follow their
recommendation and re-estimate 200 times our Wald-DID, Wald-TC, and Wald-CIC estimators
using a split-sample procedure. The average of the split-sample estimators are respectively
17.3%, 10.9%, and 10.9%. Thus, the point estimates of the Wald-TC and Wald-CIC estimators
remain very stable. If anything, the split-sample produces slightly larger point estimates than
those we report in the main paper, thus increasing the difference with the original estimate in
Duflo (2001).

Third, we investigate whether accounting for the sampling variance induced by our estimation
of the control group would greatly affect our conclusions. Doing so is not straightforward. A
natural idea is to use a two-step bootstrap where in a first step we bootstrap individuals within
each cohort and district and run our procedure to form our control and treatment groups, while
in a second step we bootstrap districts and estimate the Wald-DID, the Wald-TC, and the
Wald-CIC. In practice, this procedure does not work well. Under the null that the distribution
of education did not change over time, one can show that the bootstrap statistics we use in our
chi-squared tests do not have an approximate chi-squared distribution, but are approximately
distributed as sums of squares of N(0,2) variables.” We therefore classify much fewer districts
as controls than in the original sample. Dividing the bootstrap test statistics by two does not
solve the problem, because the modified statistic then has a different distribution from that of
the original statistic under the alternative hypothesis. Instead, we opt for a modified version
of the two-step bootstrap: as in the original sample we classify 23% of districts as controls, in
each bootstrap replication we classify the 23% of districts with the lowest chi-squared statistic
as controls. The standard errors of our three estimators are now respectively equal to 0.021,
0.025, and 0.025. Thus, accounting for the sampling variance in our first step procedure seems to
increase the standard errors of our estimators, but also leaves our main conclusions unchanged.
For instance, our Wald-DID estimator is still significantly different from the Wald-TC and Wald-
CIC with these larger standard errors. However, proving that this procedure indeed reproduces

the distribution of our estimators goes beyond the scope of this paper and is left for future work.

9Because districts are of finite size, the distribution of the test statistic is not exactly equal to its asymptotic

distribution.
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4 Additional applications
4.1 The effect of newspapers on electoral participation

Gentzkow et al. (2011) study the effect of newspapers on electoral participation in the USA.
Using data from presidential elections from 1868 to 1928, they estimate OLS regressions of the
change in turnout between the elections in year ¢ — 4 and ¢ in county ¢ on the change in the
number of daily newspapers between ¢t — 4 and t in county ¢ and on state x year dummies to

allow for state-specific trends.

As an alternative, we apply our results to the authors’ data set. Specifically, we follow Theorem
S1. For each election t € {1872,1876,...,1928}, we start by grouping together counties where
the number of newspapers remained stable between ¢t — 4 and ¢ into a “super control group”
G; = 0, counties where newspapers increased into a first “super treatment group” G; = 1, and
counties where newspapers decreased into a second “super treatment group” Gy = —1. Then, we
estimate the W}, 5(1,0,t), W), p(—1,0,t), W;.(1,0,%), and W7 -(—1,0,t) estimands defined in
Subsection 1.2. In the estimation, we control for state fixed effects to allow for state-specific
trends as the authors do.'® As only 18% of county x election cells have 3 newspapers or more,
in the estimation of the numerators of Wj(1,0,t) and Wj.(—1,0,¢) we group the number of
newspapers into 4 categories: 0, 1, 2, and more than 3.!1! Finally, we estimate the weighted
average of W},5(1,0,t) and W}, ,(—1,0,¢) defined in the first point of Theorem 1, and the
weighted average of Wi~ (1,0,t) and Wj;(—1,0,t) defined in the second point of this theorem.
To simplify the exposition, hereafter we refer to these two estimators as the Wald-DID and

Wald-TC estimator respectively.

Results are presented in Table S3 below. The Wald-DID estimator is close to the estimator in
Gentzkow et al. (2011). On the other hand, the Wald-TC estimator is almost twice as large and
is significantly different from their estimator (t-stat=1.98). It is also significantly different from
the Wald-DID at the 10% level (t-stat=1.77).

10Estimating W, (1,0,t), and W ;o (—1,0,t) with state fixed effects appears difficult. There are many states
where only few counties had, say, 2 newspapers in t — 4 and in ¢. In these states, the quantile-quantile transform
Q2 between these dates would need to be estimated on a small number of observations, which would result in
imprecise estimates. We could estimate W¢;~(1,0,t) and Wi, (—1,0,t) without controlling for state dummies,

but we prefer to follow the authors’ specification and we therefore do not report a Wald-CIC estimator.
HResults do not change much if instead we group the number of newspapers into 5 categories: 0, 1, 2, 3, and

more than 4.
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Table S 3: Effect of one additional newspaper on turnout

Gentzkow et al. (2011)  Wpp Wre

Effect of newspapers on turnout 0.0026 0.0029 0.0045
(0.0009) (0.0014) (0.0016)

Notes. Sample size: 16 366 counties X election years. This table reports estimates of the effect of one additional

newspaper on turnout. Standard errors are clustered at the district level.

To choose between our estimators, we start by conducting placebo tests. For each pair of
consecutive elections ¢t —4 and ¢, we start by restricting the estimation sample to counties with a
stable number of newspapers between t — 8 and t — 4. Then, within this subsample we form our
three supergroups Gf = 0, G; = 1, and G; = —1 as above. Then, we compute placebo estimators
of Wh,p(1,0,t), Wi, p(—1,0,t), W;-(1,0,t), and W;~(—1,0,t), using turnout in election t — 4
instead of turnout in election ¢, and turnout in election ¢ — 8 instead of turnout in election ¢ — 4.
Thus, the placebo estimator of, say, W}, ,(1,0,t) compares the evolution of turnout between
elections ¢ — 8 and ¢ — 4 in counties in G} = 1 and G} = 0 that did not experience a change in
their number of newspapers between ¢t — 8 and t — 4. Finally, we estimate weighted averages of
these placebo estimators across values of t. Here as well, we use the weights defined in Theorem

S1, so our placebos perfectly mimic our main estimators.

We use a similar strategy to construct a placebo estimator of that in Gentzkow et al. (2011). We
regress the change in counties’ turnout between ¢ — 8 and ¢ — 4 on their change in newspapers
between ¢t — 4 and ¢, restricting the sample to counties that did not experience a change in
newspapers between t — 8 and t — 4, and controlling for state x year effects. Before presenting
these placebos, let us note that restricting the sample to counties with a stable number of
newspapers between ¢ — 8 and ¢ — 4 reduces sample size by a third but does not affect much our

estimators. For instance, our Wald-TC estimator is equal to 0.0044 in this subsample.!?

Our placebo estimators are presented in Table S4. The placebo Wald-DID and the placebo of
the estimator in Gentzkow et al. (2011) are larger than the placebo Wald-TC. However, none of
the placebos is significantly different from 0. Therefore, placebos cannot help us choose between

the three estimators.

12Computing placebo estimators from ¢ — 12 to ¢t — 8 and from ¢ — 8 to ¢t — 4 would require that we consider
only counties with a stable number of newspapers from ¢ — 12 to ¢ — 4. This would amount to dropping more

than 50% of our sample, which is why we chose to compute only one set of placebo estimators.
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Table S4: Placebo effect of one additional newspaper on turnout

Gentzkow et al. (2011)  Wpp Wre

Placebo effect of newspapers on turnout -0.0009 -0.0014  -0.0006
(0.0014) (0.0019) (0.0022)

Notes. Sample size: 10 735 counties X election years. This table reports placebo estimates of the effect of one
additional newspaper on turnout. Standard errors are clustered at the district level. The sample size is smaller
than in Table S3, because only counties with a stable number of newspapers between ¢t — 8 and t — 4 are included
in the estimation. This ensures that placebo estimators are not actually estimating the effect of newspapers (see

Section 2.5 in the main paper).

Instead, our choice must be based on economic theory and a careful discussion of the assump-
tions underlying each estimator. The regression estimated by Gentzkow et al. (2011) is the
first-difference version of Regression 1 studied in de Chaisemartin and D’Haultfeeuille (2016).
Therefore, it estimates a weighted average of Wald-DIDs. If Assumption 4M, a generalization
of Assumption 5M to non-binary treatments, and a generalization of Assumption 6 to multiple
periods and groups and non-binary treatments are satisfied, then this weighted average estimates
the effect of newspapers among counties experiencing a switch in their number of newspapers.
Actually, this weighted average of Wald-DIDs does not seem to rely much on Assumption 6: our

Wald-DID estimator does not rely on this assumption and it is very close to it.

On the other hand, the estimator of Gentzkow et al. and our Wald-DID estimator rely more
critically on Assumption 5M: our Wald-TC estimator does not rely on this assumption and
it is significantly different from those estimators. This stable treatment effect assumption is
not warranted. Starting from the end of the 19th century, alternative ways of communicating
information such as telegraphic lines, radio stations, and eventually TV stations developed in
the USA, thus gradually ending the print monopoly of mass media (see Douglas, 1989). This

might have reduced the effect of newspapers.

In their Table 5, Gentzkow et al. (2011) give suggestive evidence of this. They estimate again
their regression, but for elections taking place between 1932 and 1952, and for elections between
1956 and 2004. The coefficient of newspapers is smaller in these two regressions than in their
1872-1928 regression. Their 1932-1952 coefficient is still statistically significant at the 10% level,
while their 1956-2004 coefficient is insignificant. However, while these regression coefficients are
supposed to illustrate the drop in the effect of newspapers, they themselves require that this

effect be stable over time, a contradiction.
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To reassess whether the effect of newspapers is changing, we estimate instead our Wald-TC
estimator for the three periods defined by the authors. Our third period ends in 1996 as the
data for the 2000 and 2004 elections is proprietary and is not included in the authors’ publicly
available data set. Results are shown in Table S5. We also find much smaller Wald-TC estimates
from 1932 to 1952 and from 1956 to 1996 than from 1872 to 1928. The differences are marginally
insignificant. For instance, the t-stat of the difference between the 1872-1928 and 1956-1996
Wald-TCs is equal to 1.34: we can still reject at the 10% level the null that the 1956-1996 Wald-
TC is greater than the 1872-1928 one. Overall, this casts some doubt on the stable treatment
effect assumption underlying the authors’ and our Wald-DID estimator in Table S3. We therefore
choose the Wald-TC as our preferred estimator. Finally, it is worth noting that we still find a
significant effect of newspapers in the third period, contrary to Gentzkow et al. (2011).13

Table S5: Effect of one additional newspaper on turnout, by time period

1872-1928 1932-1952 1956-1996

Wald-TC  0.0045 0.0014 0.0021
(0.0016)  (0.0022)  (0.0011)
N 16 366 10 219 17 780

Notes. This table reports estimates of the effect of one additional newspaper on turnout, for different time

periods. Standard errors are clustered at the district level.

4.2 The effects of a titling program in Peru on labour supply

Between 1996 and 2003, the Peruvian government issued property titles to 1.2 million urban
households, the largest titling program targeted to squatters in the developing world. Field
(2007) examines the labor market effects of increases in tenure security resulting from the pro-
gram. To isolate the effect of property rights, the author uses a survey conducted in 2000, and
exploits two sources of variation in exposure to the titling program. Firstly, this program took
place at different dates in different neighborhoods. In 2000, it had approximately reached 50% of
targeted neighborhoods. Secondly, it only impacted squatters, i.e. households without a prop-
erty title prior to the program. The author can therefore construct four groups of households:

squatters in neighborhoods reached by the program before 2000, squatters in neighborhoods

13This difference does not come from the fact we cannot use data from the 2000 and 2004 elections: estimating
the same regression as in Gentzkow et al. (2011) using only the 1956-1996 data also yields a small and insignificant

coefficient.
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reached by the program after 2000, non-squatters in neighborhoods reached by the program
before 2000, and non-squatters in neighborhoods reached by the program after 2000. Table S6
presents the share of households with a property title in 2000 in each group.

Table S6: Share of households with a property right

Reached after 2000 | Reached before 2000

Squatters 0% 1%
Non-squatters 100% 100%

In Table 5 of her paper, the author uses a 2SLS regression to estimate the effect of having a
property right on househods’ labor supply. Her dependent variable is the number of hours worked
per week by each household. Her explanatory variables are a dummy for squatters, a dummy for
neighbourhoods reached before 2000, a dummy for whether the household has a property right,
and a rich set of 62 control variables. Her instrument for property rights is the interaction of the
squatters and reached before 2000 dummies. Therefore, her estimator is a Wald-DID accounting
linearly for the effect of covariates. We revisit her results and compute instead the estimator
Wéf[c introduced in Section 2.4 of the main paper, with the same set of covariates. /Wé(m also
accounts linearly for the effect of covariates so this estimator is comparable to the author’s.
As all units in the control group are treated, we cannot estimate exactly ng,c but we follow
Theorem S3 and apply the quantile-quantile transform of treated units in the control group to
untreated units in the treatment group. On top of Assumptions 1X-3X and 7X-8X, the validity
of this estimator also requires a conditional version of Assumption 14. Her Wald-DID and our
Wald-CIC estimator with covariates are respectively equal to 18.07 and 16.17, thus implying
that being granted a property title increases the number of hours worked by 16 to 18 hours. The
two point estimates are not significantly different (t-stat=1.29). Quantile treatment effects are
shown in Figure 1. They are negative and insignificant in the bottom of the distribution of the
outcome, and positive and significant in the top. As per our estimates, being granted a property
title decreases the first decile of labour supply by 5 hours and increases the 9th decile by 53 hours.
These two estimates are significantly different (t-stat=2.21). The best affine approximation to
the QTE function has a slope of 74.6 with a standard error of 25.8.1* Overall, our reanalysis
yields a point estimate very similar to the author’s for the average effect of property titles, but it

also unveils an interesting pattern of heterogeneous effects along the distribution of the outcome.

14\We estimate the standard error of this slope by bootstrap: in each bootstrap sample, we estimate the QTE

and the slope of the best affine approximation to the QTE function.
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Figure S1: Estimated LQTEs on the number of hours worked in Field (2005).

5 Additional proofs

In this section and in the next, we use the same notation and normalizations as those used in

the proofs of the main paper.

5.1 Theorem 2.3 (sharpness of the bounds)

Sharpness of the bounds for Fy,, (4s(y)

We only consider the sharpness of F'¢j¢, the reasoning being similar for the upper bound. The
proof is also similar and actually simpler for d = 1. The corresponding bounds are proper cdf,

so we do not have to consider converging sequences of cdf as we do in case b) below.

a. Ao > 1. We show that if Assumptions 1, 8, and 10 hold, then F; is sharp. For that
purpose, we construct hy, (70, V such that:

(i) Y = ho(Up, T) when D =0 and D = 1{V > var};
(i) ho(.,t) is strictly increasing for ¢ € {0,1};

(iii) (Up, V) 1L T|G;
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(iv) Fﬁo(ﬁo71)|G:0,T:1,‘76[voo7v01) =T,

First, let

ho(.,0) = Fop o Go(Ly) 0 Fapl,
hO('71) = FOB%‘

Second, let

Up = (1-D)hg'(Y,T)

+D(1 = T)(1 — G)I{V € [vgo, vo1) YU,

+DTG{V € |11, v00) U2

+D[1-(1-T7)1—-G)H{V € [vg,v01)} — TGI{V € [v11, v00)}] Uy,

where U} and U2 are two random variables such that S(U2) = S(U2) = (0,1), and

_ -1
FU3|G:0,T:0,Ve[UOO,v01) =Ty 0 Fy,

_ -1
FU5|G:1,T=1,V€[U11,’UOO) - OO(IO) © FOOI'

Ffj& |G=0,T=0,Ve [U()(),’Um)

also increasing, (ii) lim,,, To(y) = 0 and lim, 3 T(y) = 1 when Ao > 1. Foziao1.r-1,vel

is a valid cdf on (0, 1) since (i) 7, is increasing by Assumption 10 and Fy; is

V11,V00)
is also a valid cdf on (0,1) since (i) Cy(T,) is increasing by Assumption 10 and Fyy; is also

increasing, (ii) Co(T,) (S(Y')) = (0,1) when Aoy > 1, as per the second point of Lemma S1.
Third, for every u € (0,1), let

Py(u) = Tyo Fo(u),
Pi(u) = GCo(Ty) o Foor(w),
Py(u) = HpoGy(Ly)o Fo?ﬁ(“)-

As shown in the proof of Lemma S6 (lower bound, case 2), Assumption 10 ensures that Py(u),

Py (u), and Py(u) are non differentiable at only one point. Moreover, using the fact that

1 1
Foor = —Go(Ty)+ (1 —— | Ly, (35)
Aoo A

00

Hyo Go(Ty) = MoFoin + (1 — Aio)Co(Ty), (36)

and Ty, G (T,), and Cy(T,) are increasing under Assumption 10, one can show that

1
0< (1—/\—>P6(U)S1,

00
. /

0< (1 A}O) Pl(u) <1,
Py(u)
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for any w at which Fy(.), Pi(.), and P»(.) are differentiable, and Py(u) > 0. Then, let Bgss and

Bg be two Bernoulli random variables such that for every u € (0, 1),

- 1
PBs = 1lh =0 =0.6 =0.7=1) = (1- ) Pifw),
00
~ (1= A1o) Py (u)
( g |U0 U, 0,G , 0) PQI(U) ,

with the convention that P(Bs = 1|Uy = u,D = 0,G = 0,7 = 1) and P(Bg = 1|Uy =
u,D = 0,G = 1,7 = 0) are equal to 0 at the point at which Py(u), Pi(u), and Py(u) are
not differentiable, and P(Bg = 1|Uy = u,D = 0,G = 1,7 = 0) = 0 when Pj(u) = 0. The
first convention is innocuous as it applies to a 0 Lebesgue measure set. As we shall see later,

the second convention is also innocuous, because when Pj(u) = 0, Equation (36) implies that
P/(u) =0 as well.

Finally, let
V = 1-D)(1-Q)T [33,171 r(1- BSI)T/Q}
+(1-D)G(1—T) [33173 T (1 BS)V“]
+1-(1-D)[(1-G)T+G1-T]V,

where V1, V2, V3, and V* are such that S(‘N/l) = S(V) N |voo, vo1), 8(172) =S(V) N (—o0,vg0),
S(V3) = S(V) N [oi, veo), S(VH) = S(V) N (—00, v11), and

fin |G=0,T=1,D=0,B¢/=1,0, (vw) fV\G:O,T:O,Ve[voo,vm),ﬁo (v]w),
ff/?\G:o,T:LD:o,Bs,zo,UO<U|“) = fV\G:O,T:O,V<voo,(70 (v]w),
fx73|G:1,T=o,D:0,BS=1,L70<U|“) = fV\G=1,T=1,Ve[UH,uoo),ﬁo (v|u),
f\74|G:1,T:o,D:0,BS:o,(70(U|U) = fV\G:l,T:LV<v11,ﬁo (v]w).

We shall now show that (ho(.,0), ho(., 1), Uy, V) satisfies (i), (ii), (iii), and (iv). By construction,
Point (i) is satisfied. Moreover, it follows from Assumption 8 that f(., 1) is strictly increasing
on (0,1). Besides, Go(T,) o Fyy, is strictly increasing on (0, 1) and included between 0 and 1 as
shown in the first point of Lemma S1. Fu,j is also strictly increasing on (0, 1) by Assumption 8.
Therefore, ho(.,0) is also strictly increasing on (0,1), and Point (ii) is satisfied.

Then, we check Point (iii). We show that it holds in the control group. For that purpose, we
use Bayes law to write

fﬁoﬁ\c:o,T:t(“’ v)
= P(V < ’001|G = O,T = t)[P(V < Uoo‘G = 0, T = t, V< vOl)fﬁo\G:O,T:t,\?'<voo (u)f\7|G’:0,T:t,‘7<vog,ﬁo (’U"LL)
+P(‘7 € [UOO? U01)|G = O’ T= t’ ‘7 < UOl)fﬁ()lG:O,T:t,VG[UU(),Uol)(u)fle:O,T:t,‘N/G[UOO,Uol),ﬁo ('U|U)]

+P(V Z U01|G = 0, T = t)fﬁo,V\G:O,T:t,Vzvm (u, U), (37)
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and we show that all elements in the right-hand side of the previous display are equal for ¢ = 0
and t = 1.

We first evaluate all of these quantities when 7" = 1. First, it follows from the definition of 1%
that

P(V < |G =0,T =1) = pojor- (38)
Then,
PUy<ulG=0T=1V <uvy) = PUy<ulG=0,T=1,D=0)
= Py (Y,1) <u|G=0,T=1,D=0)
= P(Y < Fgt(w)|G=0,T=1,D=0)
= U.
Therefore,

fﬁo|G:0,T:1,1~/<uo1 (u) = 1.

Then, we have, almost everywhere,

fﬁo,l{ve[Uoo,vol)}|G=0,T=1,‘~/<v01 (u’ 1>
= P(V € [Uoo,?)()l)’G = O,T =1,V < Vo1, Uy = u)fﬁo|G’:O,T:1J7<v01 ('LL)
= P(Bgy=1G=0,T=1,D=0,U = u)

_ (1 - )\Loo) Pl(u). (39)

The second equality follows from the definition of 17, and from fﬁo\ G=0.T=1.7 <o, (u) = 1. Equation
(39) and the fact that P is a density imply that

PV € o0, v0)|G = 0.7 = 1,7 < vpy) = 1 — ALOO (40)
fl70|G=0,T:1,\7€[v00,uol)(U> = Py(u), (41)
and

P(‘N/<UOO|G:0,T:1,‘N/<UOI):)\LOO, (42)
fﬁ0|G:0,T:17\7<v00 (u) = Ao — (Moo — 1) Fy(u). (43)

Next, we have

fV\G:(lT:LVG[voo,vm)ﬂo(U’u) = f\71|G:0,T:1,D:o,BS,:1,(70(U|U)a

fV|G:o,T:o,VG[voo,vm),ﬁo(U|“)> (44)
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and

J916=01=1.7 <vp0. 0 (vlu) = Jv21620,1=1,0=0,B5~0.0, (v]w)

= fV|G=0,T=o,V<UOO,ﬁO (v|u). (45)
Then, we evaluate all of these quantities when 7' = 0. First, notice that
PV <vn|G=0,T=0) = PV <vn|G=0,T =0)
= P(V<vu|G=0,T=1)
= Pojot- (46)

The first equality follows from the definition of V and the second from the fact V satisfies

Assumption 3. One can use similar arguments to show that

P(V € [vo, v01)|G =0,T =0,V < vgy) =1 — Aioo (47)
P(17<vooyG:0,T:0,x7<v01):Aioo. (48)

Then, it follows from the definition of V and U, that
fﬁo\Gzo,Tzo,ﬁe[voo,um)(u) = fﬁg|G:o,T=o,VE[uoo,v01)<“> = Fy(u). (49)

Next,

PUy <ulG=0,T=0,V <uvy) = PUy<ulG=0,T=0,D=0)
= P(hy'(Y,0) <u|G =0,T =0,D =0)
= P(Y < Fyp0 Go(T,) o Fogi (u)|G =0,T = 0,D = 0)
= GO(IO)OFUBKU)

= oot — (Ao — 1) Po(u),
where the last equality follows from (35). This implies that
f(70|G:0,T:0,\7<v00 (U) = )\00 - (AOO - 1) P(;(U) (50)

Then, it follows from the definition of V that

ff/"GZO,TZO,‘A/'E[’Uoo,vm),ﬁo (’U|U> = fV|G=0,T=O,V€[Uoo,’vm),ﬁo (U|U), (51)
f\7|G:o,T:0,x7<voo,(70 (v|u) = fV|G:0,T:0,V<UOO,(70(U’u)- (52)
Finally,
fﬁo7\7|G:0,T:0,\~/ZUO1 (U, U) = on,V|G=0,T:O,V2v01 (u, U)

fUO,V|G:0,T:1,Vzv01 (U7 U)

), (53)

<

= fﬁo,f/|G=0,T=l,‘72U01 (u’

36



where the first and last equality follow from the definition of (ﬁo, \7), while the second equality
follows from the fact (Up, V') satisfies Assumptions 3 and 7.

Finally, combining Equation (37) with Equations (38) and (46), (40) and (47), (42) and (48),
(41) and (49), (43) and (50), (44) and (51), (45) and (52), and (53), we get that

fﬁo,\~/|G=o,T:1(Ua v) = fﬁo,mazo,T:o(Ua v).

This shows that (iii) holds in the control group. Showing that it also holds in the treatment
group relies on a very similar reasoning, so we skip this part of the proof due to a concern for

brevity.

b. Mg < 1. The idea is similar as in the previous case. A difference, however, is that when
Ao < 1 and § = +o00, T is not a proper cdf, but a defective one, since lim,, T(y) < 1.
As a result, we cannot define a DGP such that To = T,, However, by Lemma S2, there exists
a sequence (T%); of cdf such that TF — T, Go(Tf) is an increasing bijection from S(Y) to
(0,1) and Cy(T%) is increasing and onto (0,1). We can then construct a sequence of DGP
(E’g(., 0),%’5(., 1), ﬁé“, Vk) such that Points (i) to (iii) listed above hold for every k, and such that
fé“ = TF. Since T%(y) converges to Ty(y) for every y in S (OY), we thus define a sequence of

DGP such that T} can be arbitrarily close to T, on S(Y) for sufficiently large k. Since Co(.) is
continuous, this proves that Fo;q is sharp on S(Y)).

In what follows, we exhibit %’5 (,,0) and ﬁ’g(., 1) satisfying (i), as well as distributions of (76“ for
all relevant subpopulations that are a) compatible with the data, b) satisfy (iii), and c¢) reach

the bound. We do not not exhibit ([7(’)“, 17’“) as we did in the previous proof, to avoid repeating

twice similar arguments.

Let

RE(,1) = Go(TH) ™
RE(.,0) = Foob

E’g(., 1) is strictly increasing on (0, 1) since Go(T%) is an increasing bijection on (0, 1) as shown in

Lemma S2. hE(.,0) is strictly increasing on (0, 1) under Assumption 8. Therefore, (i) is verified.

Let us consider first the distribution of [7(’)“ among untreated observations in the control group

in period 1. It follows from Bayes rule that
Fﬁ§|G:0,T:1,\7<UOO = )‘00F17§|G:0,T:1,x7<v01 + (1 - AOO)FﬁéﬂG:O,T:LVE[Um,voo) (54)
Given h%(.,1), to have T = T% we must have
k ky—1
F17§|G=0,T=1,\7€[vm,voo) =10 GO(L}) .
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This defines a valid cdf since Tf is a cdf and Go(T%)~! is increasing and onto S(Y). It can be
achieved by constructing V' using an appropriate Bernoulli random variable to split untreated
observations in the control group in period 0 between some for which V' € [vg;, vg9), and some

for which V < Vo1, exactly as we did for \gg > 1.

Given ?LIS(., 1), and the fact E’g(f]g, 1) =Y for all observations such that G = 0,7 = 1, V < vo1,

a few computations yield

=

B _ ky—1
Uf|G=0,T=1,V<vo1 — Foo1 © GO(IO) -

Plugging the last two equations into (54) finally yields F(7§|G=o T—17<uy — 1 where I denotes
the identity function on [0, 1].

Now, let us turn to untreated observations in the control group in period 0. Given E’g(.,o),
and the fact h’g(ffé“,()) = Y for all observations such that G = 0,7 = 0,17 < vgo, a few

computations yield F; Ok |G=0.T=0,V <voo = I. Since Y (0) is not observed for observations such that

G=0"T=1, Ve [Vo1, Voo), the data does not impose any constraint on their Uy, so we can set

F=

__ mk k\—1
U6€|G:0,T:0,VE[U01,’000) - IO © GO(IO) .

Therefore, the distributions of l7{f|G =0,T =tV < vy and (7§|G =0T =1tV € [Vo1, Voo)
satisfy (iii).

Then, let us consider untreated observations in the treatment group in period 1. Using the

definition of h%(.,1) and the fact hf(UF,1) =Y for all observations such that G = 1,7 =1,V <
v11, one can show after a few computations that

ky—1

Fﬁ§|G=1,T=1,X7<m = Fou 0 Go(Lg) ™

Since Y'(0) is not observed for observations such that G = 1,7 = 1,V &€ [v11, v0), the data does

not impose any constraint on their Uy, so we can set

k kN —
F(j§|G:1,T:1,\7€[v11,v00) = CO(IO) o GO(IO) 1-

This defines a valid cdf, as shown in Points 2 and 3 of Lemma S2.

Finally, let us consider untreated observations in the treatment group in period 0. It follows

from Bayes rule that we must have
Fﬁ(’f‘G:LT:O"N/<”00 - )\IOFﬁ5|G=1,T=07‘7<U11 + <1 o )\10)Fﬁglel,T=0,\7€[vl1,voo)' (55)
To satisfy point (iii), we must have
_ ky—1
Fﬁ§|G:1,T:0,‘~/<v11 = o o GO(IO) )
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This can be achieved by constructing 1% using an appropriate Bernoulli random variable to split
untreated observations in the treatment group in period 0 between some for which Ve [V11, Voo),
and some for which V < v11, exactly as we did for \gp > 1. Using the definition of E’g (,,1) and
the fact 71’5((7(’)“, 1) =Y for all observations such that G = 0,7 =1, V < vy1, one can show after
a few computations that

F=

_ -1
Ok |G=1,1=0,F<voo — £010 © Fopo-

Plugging the last two equations into (55) finally yields

p0|10F010 o Fo_o(l) - p0|11F011 o Go(ﬂ?)f1
Pojio — Poj11
= Co(Th) o Go(TH) ™"

Ffjéc ‘G:LT:O,vE [v11,v00)

Therefore, the distributions of U¥|G = 1,7 =,V < vy and UF|G = 1,T = ¢,V € [v11, vo0)
satisfy (iii). This completes the proof when Ay < 1.

Sharpness of the bounds for A and 7,

We prove that the bounds on A and 7, are sharp under Assumption 10. We only focus on
the lower bound, the result being similar for the upper bound. The model and data impose
no condition on the joint distribution of (Uy, Uy). Hence, by the previous sharpness proof we
can rationalize the fact that (Fy,,(0)s, Fyi,(1)s) = (ECIC,OvFCIC,l) when Aoy > 1. Sharpness
of A and 7, follows directly. When Aoy < 1, on the other hand, we can only rationalize the
fact that (Fy,,(o)s, Fyviiys) = (Cor, Fere,), where Cp, converges pointwise to Feico- To
show the sharpness of the LATE and LQTE, we thus have to prove that limy_.. [ ydCox(y) =
JYdF crco(y) and im0 Col (@) = Fopeo(9)-

As for the LATE, we have, by integration by parts for Lebesgue-Stieljes integrals,

/ydOOk(y) =7 - /yy Cordy = — /yo Cor(y)dy + /Oy [1 — Cox(y)] dy. (56)

We now prove the convergence of each integral in the right-hand side. As shown by Lemma S2,
Cor can be defined as Co, = Co(TF) with T < Ty, Ty denoting Fy,,(0))s- Because Cy(Tp) =
Fy,,(0))s and Cp(.) is increasing when Aoy < 1, Cor < Fyy,0ys- £(|Y11(0)] |S) < 400 implies that
fyo Fy, (0)s(y)dy < 4-o00. Thus, by the dominated convergence theorem,

0 0
lim / Cordy = / Feoicoly)dy < +oo.
k—o00 y y

Now consider the second integral in (56). If 7 < +00, we can also apply the dominated conver-
gence theorem: 1— Cpy, < 1 implies that foy [1— Co(y)] dy — foy [1 — ECIC,O(y)} dy. If§ = +o0,
limy 400 Foroo(y) = € < 1 so that

/Oy [1 - EC[C,O(Z/)} dy = +o0.
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By Fatou’s lemma,
Yy Yy
lim inf/ 1 — Co(y)] dy > / 11 = Ecrep(y)] dy = +o0.
0 0

Thus, in this case as well the second integral in (56) converges to foy (1= Feyeo(y)] dy. Finally,
because f; Cor(y)dy converges to a finite limit, [ ydCo(y) converges to [ ydF ;0 0(y). Hence,
the lower bound of A is sharp.

Now, let us turn to 7,. Following Lemma S2, we can let Cy, = Co(T] IS), where I’S and C’O(Zlg)

satisfy the three following requirements:

1. T6 > T,

o

2. for all y, € S(Y), there is a k € N such that for every k' > k, T¥ (y) = T, (y) for all y < y,.

3. Co(T}) is increasing.

o

Suppose first that y, = Fcjeo(q) € S(Y). Then point 2 above implies that for all k large
enough, Cox(y) = Feyeo(y) for every y < y,. This implies that Cp,'(q) = y,. Hence, Cy;'(q)

o

converges to y,. Now suppose that y, ¢ S(Y). Given that S(Y) = [y,7], y, € {y,7}. If
Yg=1y Yy < Coi(q) < F 5}C’O(q), where the second inequality follows from the fact that point
1 above implies that Cox > Frco. Therefore, Coi (@) = y,. Finally, if y, = 7, the proof of
Lemma S2 shows that there exists a sequence (yx)ren converging towards g such that, for every
k>1, Cox(yx — 1/k) = Foreo(yr — 1/k). Moreover, by definition, Fryoo(yx — 1/k) < . Thus,
Cox(yx — 1/k) < q, and § > Cy,'(q) > yr — 1/k, where the second inequality holds by point 3
above. Hence, in this case as well, C’&:(q) converges to 3. This proves that the lower bound of

7, is sharp, which completes the proof 4

5.2 Theorem S1

We start by proving the first statement. Under the assumptions of the theorem, Assumptions 1-5
are satisfied for the treatment and control groups G; = 1 and G = 0 between dates ¢ — 1 and ¢.
For instance, the fact that V' 1L T'|G; = 0 follows from the fact that G 1L T"and V 1L T|G =g
for every g € Gs. Moreover, for every ¢t > 1 and for every g € Gy, E(Dy) = E(Dg—1), thus
implying that EF(D|G; = 0,7 = t) = E(D|G; = 0,7 =t —1). Therefore, it follows from
Theorem 2.1 that

Similarly, one can show that
Whip(—=1,0,t) = E(Y(1) = Y(0)|S;,G; = —=1,T =1t). (58)
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Then, G 1L T implies that

DIDL(1,0,t)P(Gr=1) = (E(D|G; =1,T=t)— BE(D|GI =1,T =t —1))P(G} = 1)
— P(S|G; = 1)P(G; = 1)
— P(S, G} =1).

Similarly, one can show that
DID,(0,—1,t)P(G; = —1) = P(S;,G; = —1).
Therefore, it follows from the two previous displays that
DID},(1,0,t)P(G; = 1) + DID7,(0,—1,t)P(G; = —1) = P(S,) (59)

and

DID}(1,0,t)P(G; = 1)
DID}(1,0,t)P(G; = 1) + DID},(0, —1,t)P(Gf = —1)

— PG =1S).  (60)

The result follows combining Equations (57)-(60), once noted that Assumption 3 and G 1L T
imply that P(Gy = 1|S;) = P(G; = 1|S;, T =t) and P(G; = —1|5;) = P(G} = —1|S;,T =1).

The proofs of the second and third statements follow from similar arguments. To prove the
fourth statement, it suffices to notice that the first point of Assumption 13 implies that for
every g € {0,1,...,g} the sequence v, is monotonic in t. Therefore, for every g € S(G) and
t £t e{l,..,t}* Su NS, = 0. This in turn implies that S; NSy = (. Combining this with
the second point of Assumption 13 yields the result g

5.3 Theorem S2

Proof of 1

Pijoo = Pijo implies that Wprp = Wre. Therefore, the proof will be complete if we can show
that Wprp = E(Y11(1) — Y11(0)| D = 1). On that purpose, notice that

DIDy = B(Yay) — E(Yio) — (E(Yr) — E(Yiy))
=i EY1(1) =Y (0)|D =1) + E(Y11(0)) — E(Y19(0)) — (E(Y01(0)) — E(Y00(0)))
=Y (1) = Y1:(0)|D = 1).

The second equality follows from pij00 = p1jo1 = pijio = 0, the third from Assumption 4. This

( |
( |

completes the proof once noted that DIDp = pyj;.
Proof of 2
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As pij10 = 0, the numerator of Weye is E(Y11) — E(Qo(Y10)). It is easy to see that the proof
will be complete if we can show that E(Qo(Y10)) = E(Y11(0)). As pijgo = p1jor = 0, Qo is the
quantile-quantile transform of the outcome in the entire control group, so E(Qo(Y10)) is the same
estimand as that considered in Equation (16) in Athey and Imbens (2006). Y (0) = ho(Us, T')
with hg(.,t) strictly increasing, Uy 1L T|G, and S(Up|G = 1) C S(Uy|G = 0) ensure that the
assumptions of their Theorem 3.1 hold. Therefore, E(Qo(Y10)) = E(Y11(0)) o

5.4 Theorem S3

Assume that pqjgo = p1jo1 = 1 (the proof is symmetric when pig0 = p1jo1 = 0). For Fy,,1ys(v),
the proof directly follows from the proof of Theorem 2.3. For Fy, (0ys(y), one can follow similar

steps as those used to establish Equation (15) in the main paper and show that for all y € S(Y),

Fgoé(l)WZvoo © FY01(1)|VZU00 (y) = hl(hl_l(y7 1)? 0) (61)

Equations (15) and (61), Assumption 14, and pjjo9 = p1jo1 = 1 imply that for all y € S(Y),

By Wv<uo(y) = Fowo o Fiog 0 Fio(y). (62)

Combining Equations (13) in the main paper and (62) yields the result o

5.5 Theorem S4

We only prove the first result, the second and third results follow from similar arguments.

Wpip(X) = A(X) follows from the same steps as those used to prove Theorem 2.1. Then,

Wi, = A follows after some algebra, once noted that

. E(D11|X:I>—E(D10|X:(L’)
Pens®@) = B = BEDWRIG = LT = 1) )
DIDp(z)

= BDIDy (G = 1T =1 )

The first equality follows from Assumption 3X and Bayes’s law. The second follows from the
fact that F(Dg1|X) — E(Dgo|X) = 0 almost surely

5.6 Theorem S5

We only prove the first result, the second and third results follow from similar arguments.
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First, under Assumption 3P we have
E(Dn|Gy =1) = E(Dy|G; = 1) =P(Vi1 > vi1|G; = 1) — P(Vig > vpo|G; = 1)
=P(Vi1 € [v11,v00)|Gi = 1)
=P(S;|G; =1).

Then the rest of the proof of Theorem 2.1 will follow, provided we can show that Assumptions 4
and 5P are satisfied. To see this, note that Equation (32) is equivalent to Y;;(d) = v +a; + [ +
M]d+e; for d € {0,1}. Therefore, Y;1(0) — Yio(0) = v —yo+€i1 —€io- This and E(e;1 —eip0|G; =
1) = 0 = E(eg — |G = 0) imply that Assumption 4 holds. Besides, A\; = 0 implies that
Yie(1) — Yit(0) = Bi. Moreover, by assumption E (8;|Gi, Vii > ve,0) = E(Bi|Gi, Vio > vgy0)-

Hence, Assumption 5P holds as well. The result follows.

5.7 Theorem S6

Hereafter, we add stars to our usual notation whenever G is replaced by G*. For instance, pj,
denotes P(G* = g,T =t).

Proof of 1

We consider the unfeasible estimator WE 1p, identical to WE 1p except that CAJ; is replaced by
the unobserved variable G}. We define similarly other estimators with tildes hereafter. We first
show that with probability tending to one, W\BID = /I/IV/EID. It suffices to show that for any
g € Gy, k € {s,i,d}, P(g € g}) tends to one. Suppose first that & = s. Then, by the central
limit theorem and Slutsky’s lemma, T, = Op(1). Because k,, — oo, |T,| < k, with probability

tending to one. Now, if k£ = i,

Tg - \/ﬁg(l - ﬁg)(ngl + ngo) [(Z/)\gl _]/9\90 o (P(Dgl = 1) - P(Dgo = 1)))
+(P(Dg1 = 1) — P(Dy = 1))]

=0p(1) [1+vn (P ( =1) = P(Dy =1))].

Moreover, because k = i, P(Dy = 1) — P(Dg = 1) > 0. Hence, because k,/v/n — 0, with
probability approaching one, |T,| > &, and g € € Gi. The reasoning is similar for k£ = d. This
implies that with probability tending to one, WD D= WD ID-

Hence, it suffices to show that WE ;p 1s asymptotically normal. Let
Whip(9,0) = DIDy(g,0)/DID}(g,0).

Reasoning as in Point 1 of the proof of Theorem 4.1, we obtain, for g € {—1,1},
N* * 1 - *
vn (WDID(97 0) = Wpiply, 0)) = % Z%}ID,@'(Q) +op(1), (63)
i=1
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where, omitting the index i, ¥},;5(g) is defined by

P09~ DIDy(g,0) Ph
_ HG" =g}(1 —T)(gy — E(gy|G" =9, T =0))
P;()
G =0T (5, — B(,|G* =0,T = 1))
Po1
Jr]l{G* =011 —-T)(e;, — E(g4]G*=0,T =0))
Poo ’

with e, =Y — W}, 5(g,0)D. Similarly,

VA (@ — ) = = Z i+ 0p (1), (61)

where, still omitting i,

_ ¥p(1) —wio(¥p(1) + ¥p(-1))
DID}(1,0)P(G* = 1) + DID;(0, —1)P(G* = —1)°

Y

Besides, 1p(g) satisfies, for g € {—1,1},
K{G" =g}T(D —pj,)
p21
CHG =g (1 -T)(D - ply) UG =0}T(D - piygy) N {G" = 0;(1 = T)(D — pijgo)

* % *
DPgo Po1 Poo

¥p(g) = DIDp(g,0) ({G" = g} — P(G" = g)) + P(G" =)

Now, Wi, = oWy p(1,0)+ (1= @10) W, 5(—1,0). Combining (63) and (64), we then obtain
N* * 1 g *
vn <WDID - A ) = 7 Z@DDID,i +op(1),
i=1
with

Yp1p(9) = wio¥prp(1) + (1 — wi0)¥p;p(—1) + (Wpp(1,0) = Whip(—1,0)) . (65)
The result follows by the central limit theorem.
Proof of 2 and 3

We follow exactly the same logic as above. Using (64) and reasoning as in Points 2 and 3 of the

proof of Theorem 4.1, we obtain, after some algebra,
Vit (Wie = &%) = 2 3 wiea top(D), Vi (Were = &%) = 723 St + orl).
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where, as above,

Ure = wiolpe(l) + (1 = wio)¥re(—1) + (Wre(l) = Wre(=1))thu, (66)
Yoo = witore(1) + (1= wi0)dee(=1) + (Were(l) = Were(=1,0))¢w. (67)

We finally give the expressions of ¥}.~(g) and ¢ ,-(g). First,

W o(g) 1 {H{G* =g}T(eg — E(5y|G" =g, T =1))

:pT|11 — Pijo Pg1
- G =g} = T)(eg = E(ey|G" = 9,7 = 0) + (91 = 00)(D = pijy)
pzo
-t —op L= E0) 0TI~ E())

Plot Ploo
i = D — o [T E)) U= TIY — BOG)

where Y, ~Y|D =d,G* =g, T =1.
Second, Vro(9) = [ Wilg,y) — Yilg, y)dy, with

1 {]I{G* =g}T
PZl

Vi(g,y) = [1{D = d}1{Y < y} — Py Fin ¥)

Pain — Papo
—Fysays(y) (1{D = d} - PZ\QI)} L He :p{]fi(l )
—Hj o Fu () + (1{D = d} = pigno) (Frans() = Hi o Fioa(v)) |
() {(1 - T)({Qi(Y) <y} — Fio(v)

*
Paoo

[—1{D = d} (1{Qa(Y) <y}

—i—pz‘go]l{G* =0}1{D =d}H} o Fj,
ELENEL A )Y

*
Pao1

5.8 Theorem S7

We let hereafter 9 = (FOOO, P FOlla Flgo, ceey F1117 )\00, )\10, )\01, )\11).
Proof of 1

We already showed in the proof of Theorem 4.1 that each term of the bounds, except f ydF 410(y)
and [ ydE a10(y), could be linearized. Therefore, it suffices to prove that these integrals can be

linearized as well. Let us focus on [ ydF 410(y), as the reasoning is similar for the other integral.
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An integration by part yields

where m4(x) = min(1,z). By assumption, the equation \ozFy,,, (y) = 1 admits at most one
solution. Hence, by Point 2 of Lemma 6 and the chain rule, 6 — fyﬂ my (AoaFy,, (y)) dy + (¥ —
y)m1 (Moa) is Hadamard differentiable tangentially to (C°)* x R?. The result then follows from
Lemma 4, the functional delta method, and the functional delta method for the bootstrap.

Proof of 2

Let 60 = (Fyoo, ---, Fo11, F100 - F111, Moo, Ao, Ao1, A11)- By Lemma 6, for d € {0,1} and ¢ € Q,
0 — ffﬂcm,d(y)d% 0 — fyyfchd(y)dy, 0 — F;C’d(q), and 0 — Ea}ad(q) are Hadamard
differentiable tangentially to (C°)* x R2. Because A = Jsory Ecrco(y) — Ferea(y)dy, A is also
a Hadamard differentiable function of § tangentially to (C°)* x R2. The same reasoning applies

for A, and for 7, and 7, for every ¢ € Q. The result follows as previously p

5.9 Theorem S8

Proof of 1

For any random variable R, let m[(z) = E(Ry|X = z). The estimator /Wgw can be written
as Wip = Njip/ D3 p, with

Niip = EYu] — E [mlg(Xu)] — E [igy (Xn)] + E [Mi(X11)]
D¥,p = E[Dn] — E [mh(X11)] — E [md(X0)] + E [m&(X1)] .

A = N3;p/D3;p can be decomposed similarly. We show below that the eight terms in the
numerator N :p and in the denominator ﬁg ;p can be linearized. We can then use the same

formula for linearizing ratios as in the proof of Theorem 4.1.

Let us first consider F [E(Ylo\X )G =1,T = 1} Assumption 18 ensures that we can apply
Lemma S8 to [ =G xT,J=Gx(1—-T),U =Y and V = 1. As a result,

Jn (E [E(Ym|X)|G —1,T= 1} — E[mly(X)|G=1,T = 1})

A3 G [l — B [l 0j6 = 1.7 = 1]) +

1 - T)E(GT|X;)
E(G(1-T)|X;)

(Y; = myp(X3)) | + op(1).
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Applying the same reasoning as above to the two other terms of N X b, we obtain
vn (Ngm - Nng)

G:(1 -T,))E(GT|X;)
E(G(1-T)|X;)

(1-Gi)(1 - T)E(CT|X)
E(1-G)(1-T)X))

1 n
= Jrrm > GIT(Y: = mig(Xi) = myy (X3) + mig(X) — Njyp) —
=1

(1 -G)T,E(GT|X;)
E((1-G)TX;)
Similarly, the denominator satisfies
vn (5)51/3 - ng)
R Gi(1 - T;)E(GT|X;)
= GiTi(D; — mb(X;) — m& (Xi) + mby(Xi) — Dy p) — D; —mb(X;
T 20 | D= mB06) —mE %)+ mE0%) — D)~ P IR (0 - m )
(1 - G)TE(GT|X;)
B((1 - O)TIX,)

(Y; — mip(X3))

(Yi = moy (X3)) — (Yi = mgo(X3)) + op(1).

—G)(1 - T)E(GT|X,)
E(1-G)1-T)X;)

Combining these two results and (28) in the main paper, we finally obtain

(Di — m§1(X3)) — (1 (D; — mgp(X3)) + op(1).

Vn (ng - A) = % nglD,i +op(1),
i—1

where, omitting the index 4, ¢35, is defined by

1 € € € G(l — T)E(GT|X) €
| 6Tl = i) = gy () + iy (0) - | CE IR e - )

(L-GTEGTX) . (=GO -DEGTX) .
E(1-G)T|X) (e 01(X)) E((1-G)(1-T)X) ( OO(X)):|}7 (68)

and e =Y — AD. The result follows by the central limit theorem.

X
wDID

Proof of 2
The proof is very simila/r\ as above. For any random variable R, Let mJ,(z) = E(Rgu|X = ).
The estimator satisfies W2, = NX.,/DX,,, with
Nic = EYu] = E [g(Xu)] = E [figen (X1)] + E [00(X1)] = E [iig(Xua) gy (X))
+E [mw(X )mIOO(Xll)} +E [mm(Xll)mom(Xll)} E\[ 1D(X11)m(})/00(X )}
Dio = E[Dn] — E [y (X)) -
The two terms of the denominator and the first four terms of the numerator can be linearized

exactly as above. Regarding the other four terms, remark that for instance

E [md(X11)m)o (X11)] — E [mi(X11)mio, (X11)]
=E [mB(X11) (Mg (X11) — migy(X11))] + E [mig (X11) (M (X0) — mb(X0))]
+ E [(MfH(X1) = mi(Xn)) (Ml (X11) = mig (X)) -
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Lemma S7 implies that the last term is an op(1/4/n). As a result,

)

N = E[Yn] — E [m}y(X11)] — E [ide (X11)] + E [ggo(X11)] — E [mf(X11)@, (Xn)]
— E [mR(X1)mlp (X11)] + E [mfh(Xu)mio (X11)] + E [mi (X11) @y (X11)]
+ B [mf (X1)mig(Xn)] = E [mB(X1)mig(X1)] + E [mfy(Xu)imd (X11)]
+ B [y (K1) mio (Xu)] = B [mip(Xu)migy (X11)] = E [miy (X11)igeo(X11)]
— E [mf(X1)mioe(X11)] + B [m{(X1)mle(Xn1)] + 0p(1/ V).

We then apply Lemma S8 to each of these terms. After some tedious algebra, we obtain
—~ 1 <&
Vi (Wi =i ) = —= > wife, + op(1),
vn i=1
where 17 satisfies

111)%(0 {GT (U - A(D —mp)(X)) — E [Unn — A(Dy; — mip(X11))])

E(GT|X) {v —A

Vo =
G(1-T)
BGI —T)X

U=Y - m}/o(X) - moyol(X) + mOYoo(X) - m?o(X) (mi/(n(X) - mi/oo(X) - m&n(X) +m(})/00(X)) )

)

E(D1-G)T)X)
, T(Y — miy (X)) (1 - TYY — ml (X))

L= D)L = mi(X) {E«l D)1 - OTIX) B - D)1 - )1 - T>|X>} }

ED(1-G)(1-T)|X)

The result follows by the central limit theorem.

Proof of 3

The estimand is the same as W2, except for the second term of the numerator. Therefore, it

suffices to prove that we can linearize this specific term, which is the plug-in estimator of
EEDQix(Y)+(1—-D)Qux(Y)|X,G=1,T=0)|G=1,T=1].

This expectation comprises two terms. As the reasoning is similar for both, let us focus
on the first, 61 = E[E(DQix(Y)|X,G=1,T=0)|G=1T=1]. Let us define m3,(z) =
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EQix(Y)| X =2,D=d,G =g,T =t). First, the estimator 0, of 6, satisfies
01— 00 = B [y (X)n(X)|G = 1,7 =1] - 6,
=E [mlo(X>m110(X>|G T= 1} E [mﬁ)<X)m11o< )G =1T= 1}
00— 00+ B | (h(X) = mB(x)) (@ (X) - mn(X)) G =1,7=1],  (70)

where 6; = F [m?o(X)m?fO( G =T = 1]. As in parts 1 and 2 above, the first two terms on

the right-hand side can be linearized using Lemma S8. We linearize below 0, — 6, and prove
that the last term is an op(1/y/n). As in Lemma S5, let us define

1
R4(FX>Q1|XaQ2|XaQ3|X) :/mﬁ)(@ X/o Q1|X{Q2_|§([Q3IX(U‘9U)’$]‘w}dUdFX(x)-

Let us define hereafter Fiyx = Fy,,.\x and Fyg, = Fy,,,|x=2- Because

1
E [le(Y)’X =X, D = G = 1,T = 0] = / Fl_OhCE [e) F100|1r (¢] FllO‘ ( )du,
0
we have

— 1 1 1 no_ 3 1 1 -1
91 — R4(FX117 F101|X7 F100|X7 F110\x) 91 - R4(FX117 F101|X7 F100|X7 F110|X)7

where ﬁxu is the empirical cdf of X;;. By Lemma S9, the process

(377 T) = (FXII (Z‘), Fliohg:(T)a F16(1)\w<7)7 Fﬂ(l)\x<7)>?

defined on §(X) x (0,1) and suitably normalized, converges to a continuous gaussian process G.

Moreover,
\/ﬁ Fd_gi\a:<7—> ngi|m ] \/— Z ¢zdgtx + OP(l)

where the op(1) is uniform over (z,7) and

Viaga(r) = DO BUCGZ MR ZOPRN 0y xy,,0m) < 0.
DPdgt
Besides, R, is Hadamard differentiable at (Fx,,, thx, FI_OO\X7 Fﬁélx) tangentially to C°(S(X)) x

C°((0,1) x 8(X))3. Therefore, by the functional delta method and because G is continuous,

where

Wy =

GiT;
» [mfo( Dmiy (X 91 /mm {/ Vit01a <F100|£L”OF110|$( )>

11
-1

Fioipe © Flooz © F110|z(“)

F100\ © Fiooja © F110| (u)

[ — Y100z (Floo\x o F110| (u )> + %110:{:(“)} du} dFx,, (7).
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We now prove that the third term in (70) is an op(1/4/n). We have

B [(f(X) = mp(x) (RBo(X) - mE(x)) 16 = 1,7 = 1|

Q1
<||m10 mlOH ‘mno mnooo

By Lemma S7, ||l — mB)||_ = op(n~'/*). Besides, mf, = Rs(Fil o Fil o Fol

101)x> *'1001x° F1101X /)

Rs(Quix, Qayx, Qs1x) = Ji Q1 x{Qyx[Qs1x (ulz) 2|z }du. Part 3 of the proof of Lemma S5 im-

plies that Rj is Hadamard differentiable at (Floi\X’Flo(l)\X’Fl_lmX) Then, by Lemma S9 and
Q1

‘ﬁz%o myhll = Op(n~/?). Thus, the third term in (70) is an

o

), where

the functional delta method,
op(1/y/n).

To conclude, we provide the linearization of W . Let us define for that purpose

GiT,
o= S [ w0 — o] + = mbyen { [ v (B o iy, )
F ! "o F o B} (u)
001|z 000z 010|z [ (
o — Wioone (Foonge © Fopoye (1)) + Viotou() | du p dFx, (),
Foog)\x/oFOOOh: OFow\ (@) 000 000 010] 010 n

where 0y = E[E((1-D)Qox(Y)|X,G=1,T=0)|G=1,T=1]. Using what precedes and

Lemma S8 on the remaining terms, we obtain after some tedious algebra
—~ 1 <&
X X X
vn (WCIC - WC’IC) = 7 Z Vere, +or(l),
i=1

where 1%, satisfies

Vo= ;X {GT (Y — A(D —m{)(X)) — E [Yi1 — A(D11 — mip(X11))]) — pi(¥1 + W)
pullcic
e 0 — by 0 [m) — i) - A] | ()

6 Technical lemmas
6.1 Lemmas related to identification

Lemma S1 Assume Assumptions 8§ and 10 hold, and Aog > 1. Then:
1. G4(T,) is a bijection from S(Y') to [0,1];

2. Ca(Ly) (S(Y)) = [0,1].
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Proof: we only prove the result for d = 0, the reasoning being similar otherwise. One can show
that when Ay > 1,

Go(T) = min (AgoFoo1, max (Moo Foor + (1 — Aoo), Hy o (MoFbin))) - (72)

By Assumption 8, AjgFo1; is strictly increasing. Moreover, S(Yi9|D = 0) = S(Ypo|D = 0) implies
that Hy' is strictly increasing on [0, 1]. Consequently, H; ' o (AjoFp11) is strictly increasing on
S(Y) since A9 < 1. Therefore, Go(L,) is strictly increasing on S(Y') as a composition of the
max and min of strictly increasing functions, which in turn implies that Go(T,) o Fyqp is strictly

increasing on [0, 1]. Moreover, it is easy to see that since S(Yi¢|D = 0) = S(Yy:|D = 0),

lim Hy' o (AoFou1) © Foor(y) = 0,

y—y
lim Hy' o (MoFon) © Fooi(y) < 1.
Y=y
Hence, by Equation (72),
lim Go(Ly)(y) = 0, lim Go(L)(y) = 1. (73)
y—y y—y

Finally, Go(T,) o Fyg} is also continuous by Assumption 8, as a composition of continuous func-

tions. Point 1 then follows, by the intermediate value theorem.

Now, we have

Co(Ty) = PojioFoi0 © Foor 0 Go(Ty) — Poj11Fort '

Pojio — Poj11
(73) implies that Go(T,) is a cdf. Hence, by Assumption 8,

lim Cy(Z)(y) =0, il_{% Co(Ly)(y) = 1.

Y=y

Moreover, Cy(T) is increasing by Assumption 10. Combining this with Assumption 8 yields

Point 2, since Cy(T,) is continuous by Assumption 8 once more g

Lemma S2 Suppose Assumptions 8 and 10 hold, pogo > 0 for g € {0;1} and Aoy < 1. Then
there exists a sequence of cdf ﬂ‘j such that

[e)

1. Tg(y) — Ty(y) for ally € S(Y);
2. Go(T%h) is an increasing bijection from S(Y) to [0,1];
3. Co(TE) is increasing and onto [0,1].

The same holds for the upper bound.
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Proof: we consider a sequence (yx)ren converging to 7 and such that y, < 7. Since yx < 7, we

can also define a strictly positive sequence (nx)ren such that y. + n, < 7. By Assumption 10,

Hy is continuously differentiable. Moreover,
HY - Fjyo0 FDE)%

Foo © Foo

is strictly positive on S(Y') under Assumption 10. F{;; is also strictly positive on S(Y') under

Assumption 10. Therefore, using a Taylor expansion of Hy and Fpy, it is easy to show that

there exists constants Ay, > 0 and Agx > 0 such that for all y <y’ € [yr, yr + Mm%,

Ho(y') — Ho(y) > Ay —y), (74)
Fouy') — Fouly) < Ax(y —y). (75)

We also define a sequence (gx)ren by

A1 (1 = Xoo) (To(yk) — To(yr))
>\10A2k ) . (76>

As shown in (17) in the main paper, 0 < T, Go(Tp), Co(Th) < 1 and Aoy < 1 imply that we must

have

€k = min (77k7

ESTCH

which implies in turn that £, > 0. Consequently, since 0 < g < 1, inequalities (74) and (75)
also hold for y < v’ € [yx, yr + ex|*

We now define z’g . For every k such that ¢, > 0, let

Ty(y) if y <y
Th(y) = | Tolyr) + TO(y”Ei_IO(yk) (y—ur) ity € [yr yr + el
To(y) if y > yp + ep.

For every k such that ¢, = 0, let

To(y) ify <y

Ti(y) =
T5(y) Toly) if y > s

Then, we verify that Zlg defines a sequence of cdf which satisfy Points 1, 2 and 3. Under
Assumption 10, Ty(y) is increasing, which implies that T§(y) is increasing on (y,y;). Since
To(y) is a cdf, TE(y) is also increasing on (yx + £, 7). Finally, it is easy to check that when
er, > 0, T (y) is increasing on [yy, yx + £x]. I is continuous on (y,y;) and (yx + €x,7) under
Assumption 8. It is also continuous at y; and y, + € by construction. This proves that I’S(y)

is increasing on S(Y'). Moreover,

im Th(y) = limTy(y) =0,

y—y y—y
lim Th(y) = limTy(y) = 1.
y—y y—y

52



Hence, T% is a cdf. Point 1 also holds by construction of T%(y).

GO(IIS) = AooFoor + (1 — )\OO)ZIS is strictly increasing and continuous as a sum of the strictly
increasing and continuous function AggFpo; and an increasing and continuous function. Moreover,
Go(TE) tends to 0 (resp. 1) when y tends to y (resp. to 7). Point 2 follows by the intermediate

value theorem.

Finally, let us show Point 3. Because Go(TF) is a continuous cdf, Co(TF) is also continuous and
converges to 0 (resp. 1) when y tends to y (resp. to 7). Thus, the proof will be completed if we
show that Cy(T%) is increasing. By Assumption 10, Co(TF) is increasing on (¥, yx). Moreover,
since Fy;, 0)s = Co(Ty), Co(T§) is also increasing on (y + €5, 7). Finally, when e > 0, we have
that for all y < v’ € [yx, yr + €)%,

Ho(XooFoo1 (4') + (1 = Xo0) L6 (y")) — Ho(AooFoor (y) + (1 — Xa0)L6 (y))
)

> Au(l = o) (T80 — T6))

> A1 (1 = Aoo) (Zi(yk) —To(yx)) o — )
> Aodor(y' —v)

> Ao (Fou(y') — Fou(y)) s

where the first inequality follows by (74) and Fyo1(y') > Foo1(y), the second by the definition of
TF and Ty(yx +ex) > To(yx), the third by (76) and the fourth by (75). This implies that Co(T5)

is increasing on [y, yx + €k, since

Ho(AooFoor + (1 — Xoo)T5) — AoFonn
1— Ao '

Co(TF) =

It is easy to check that under Assumption 8 Co(TF) is continuous on S(Y'). This completes the

proof o

6.2 Lemmas related to inference

In the following lemmas, we let, for any functional R, dRr denote the Hadamard differential of

R taken at F'. Whenever it exists, this differential is the continuous linear form satisfying

R(F +thy) — R(F)

t—0

, for any h; s.t. ||hy — hl|e — 0.

In absence of ambiguity, we let the point at which the differential is taken implicit and simply
denote it by dR. In addition to the sets C°(©) and C!(0), we also denote by D(O) (resp. D.(O))
the set of bounded cadlag (resp. cdfs) functions on ©. Once more, O is left implicit when it is
equal to S(Y).
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Also, for any (r,k) € N*, u = (uy,...,u,) € R” and any function h = (hy,...h;)" from R” to R¥,
let [|ull, = 327 |u;] and [|2]| , = max;—; _xsup,cp- |h;(2)] denote the usual L' norm of u and
the supremum norm of h, respectively. The following inequality on ratios is used repeatedly in

the proofs of Theorems 4.1 and 8. It is well-known but we prove it for the sake of completeness.

Lemma S3 Let (z1,y1) and (z2,y2) be such that y, > C > 0 and max(|x1—xs|, |y1 —y2|) < C/2.
Then

T x 1 T 2(1 + |x
822 (= 20 )| < 2R s — o el
2

T T 1 T — T
a2 - (:m — Ty — —2(y1 —3/2)> = s 2y2 [(562 —£C1) + y—l(yl —y2)
1

Yy Y2 Y2 Yo Y3
As a result,
ot | i L+ [@1/y1] )
SR L B - < ————— max(|r1 — T2/, — .
" e ( Lo (11 yz))’ hS 2 (|21 — 22|, [t — y2|)

Besides, y; > y2 — |y1 — y2| > C/2. Thus,

T — X1 — T C xX
< loellye — ] | o m @] O (MH) <1+ |22 /ysl.
Y12 (1 201\ Y2

I )
Y1 Y2
The triangular inequality then yields

T T 1 T 2(1 + |z
:_z__(m_@—f@—mQF;L7gﬂﬁmmmrme—m%
2

The following lemma is used to establish the asymptotic normality of the Wald-CIC estimator
in the proof of Theorem 4.1.

Lemma S4 Suppose that pyq > 0 for (d,g) € {0,1}* and let
0 = (Fooo, Foot, s Fi115 Aoos Ao, Aot, Ain)

and
0 = (Fooo, Foor, -+, Fi11, Moo, Ao, Aors Aaa).
Then
Vvn (5 - 6) — G,
where G denotes a gaussian process defined on S(Y)® x {0}*. Moreover, G is continuous in its

k-th component (k € {1,...,8}) if the corresponding Fyy is continuous.” Finally, the bootstrap

is consistent for 6.

5 Formally, the link between (d, g,t) and k is k = 1 +t + 2g + 4t.
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Proof: let G,, denote the standard empirical process. We prove the result for

n= (F0007 Foots - F111,p1\007p1\017p1|10,p1|11)

instead of 0. The result on 6 then follows as (Ago, Aio, A1, A11) is @ smooth function of (pijoo, P1jo1; P1j10, P1j11)-
For any (y,d, g,t) € (S(Y) U {+00}) x {0,1}?, let
HD = d}I{G = g} 1{T =t} [{Y <y} — Fuu(y)]

fdgty<y7 D7G7 T) = )
Pdgt

faY,D,G,T) = {G = g}I{T =t} [I{D = 1} — pyjgt] /pyt-

We have, for all (y,d, g,t) € (S(Y) U {—o00,+0o0}) x {0,1}3,

Vi (Fu(y) = Fin(y)) = % > HDi = d}{G: = gh{T; = 1} [1{Y; < y} = Fagu(y)]

NPdgt
= ! andgty

Ndgt
= Gnfagy (1 +o0p(1)).

Similarly, \/n (ﬁugt — p1|gt) = Gy fg1 (14 0p(1)). Hence, letting

fy = (fOOOy, ) f111y, foo; f01, f10> fn)/;

we obtain \/n (7 —n) = G, f, (1 4+ o0p(1)). Weak convergence of the left-hand side to a gaus-
sian process follows because each class {fig, : ¥ € S(Y)} is Donsker. Moreover, remark that
N (l/fdgt(y) — ngt(y)> is the standard empirical process on the sample Zy, of random size
Nag- Therefore (see, e.g. Theorem 3.5.1 in van der Vaart and Wellner, 1996), it converges in
distribution to a process B o Fy,, where B is a Brownian bridge. Hence, continuity follows as

long as Fyg is continuous.

Now let us turn to the bootstrap. Observe that

~ np
\/ﬁ <Fggt<y> - ngt<y)> = #Gny,d,g,t,

dgt

where G denote the bootstrap empirical process. Because npa,:/ ”th L5 1 and by consistency
of the bootstrap empirical process (see, e.g., van der Vaart, 2000, Theorem 23.7), the bootstrap

is consistent for 7 o

The next two lemmas allow us to use the functional delta method for the CIC estimators of
average and quantile treatment effects, both in the point and partially identified cases, with and

without covariates.
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Lemma S5 1. Let Ry(Fy, Fy, Fy, Fy, \, i) = M0l calBN 0 poopy By Ry By A i) =

pn—1
MFFFIOZQJO(]Q(F&A), with q1(F3,\) = AF3 and qa(F35,\) = AF3+ 1 — X. Ry and Ry are
Hadamard differentiable at any (Fio, Fao, F30, Fi0, Moo, M10) € (C1)* x [0, 00) x ([0, 00)\{1}),
tangentially to (C°)* x R2. Moreover, dR; ((C°)* x R?) and dR, ((C°)* x R?) are included

in CO.

2. Let R3(Fy) fy m1(Fy)(y)dy and Ry(Fy, Fy) = fnyQ(ml(Fl))(y)dy. Tangentially to C°,
Rs is Hadamard differentiable at any Fiy € D. and the equation Fio(y) = 1 admits at
most one solution on S(Y). Tangentially to (C°)*, Ry is Hadamard differentiable at any

(Flo, Foo) such that Fyo satisfies the same conditions as for Rs and Fyy is continuously
differentiable on [0,1]. The same holds if we replace my (and the equation Fio(y) = 1) by
My (and Fio(y) = 0), with My(z) = max(0, x).

3. Let Ry(F, Qux, Qax, Qsx) = [ miy(x) fol Qux{Q3x[Qsx (ul)[z][x}dudF (x), where miy(x) =
E(Dyo|X = ). Then, tangentially to C°(S(X)) x C°((0,1) x S(X))® , Ry is Hadamard dif-
ferentiable at any (Fo, Qojx, Qao1x, @s0)x) such that Fy € Do(S(X)), (Qux(-]z), Qx(.|x), Qg x(.]2)) €
(C1(0,1))? for all z € S(X) and G(z) = mb(x fo Q10|X{Q2_0 [

Qsopx (ulz)|z]|z}du is of
bounded variation. Moreover, for all hy such that hy(inf S(X)) = hy

(sup S(X)) = 0,
AR (.o b s) = [ mfyte) [ b [Qtx(@ur (o) ] + 0. [Qus o Q5] [(Quops (o))l
X |:—h3 [Q2_01|X[Q30|X(u|x)],x} + h4(u,x)} } dudFy(z) — /hl(x)dG(x).

Proof of 1. We first prove that ¢,(F}, Fy, F3) = Fy o F, ' o Fy is Hadamard differentiable at
(Fho, Foo, F30) € (Cl)?’. Because (Fig, Fy) € (61)2, the function ¢y : (F1, Fy, F3) — (Fio Fy 1, F)
is Hadamard differentiable at (Fig, Fbg, F30) tangentially to D x C° x D (see, e.g., van der Vaart
and Wellner, 1996, Problem 3.9.4), and therefore tangentially to (Co)g. Moreover computations
show that its derivative at (Fig, Fao, F30) satisfies

Flyo F 2_01

ddo(hy, hy, hs) = [ hyo Figt — =20 ——20 b o Fil hs ).
¢2(h1, ha, hs) (10 20 F2,00F261 20 L9, 3)

This shows that dgs <(C0)3) C (€YY

Then, the composition function ¢z : (U, V) — U oV is Hadamard differentiable at any (U, Vo) €
(01)2, tangentially to C° x D (see, e.g., van der Vaart and Wellner, 1996, Lemma 3.9.27), and
therefore tangentially to (C0)2. It is thus Hadamard differentiable at (Fjg o Fyy', F3g), and one
can show that dos <(C0)2> C (% Thus, by the chain rule (see van der Vaart and Wellner, 1996,
Lemma 3.9.3), ¢1 = ¢3 0 ¢ is also Hadamard differentiable at (Fyg, Fao, F30) tangentially to
(C%)3, and dé, ((00)3) c 0.
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Finally, because ¢;(F5,\) is a smooth function of F3 and A, and R; is a smooth function of
(p1(F1, By, qi(F5, N)), Fy, 1), it is also Hadamard differentiable at (Fio, Fao, F30, Fa0, Moo, A1) tan-
gentially to (C°)* x R?, and dR; ((C°)* x R?) C C°.

Proof of 2. We only prove the result for Ry and m4, the reasoning being similar (and simpler)
for R3 and M. For any collections of functions (hs) and (hy) in C°, respectively converging
uniformly towards h; and hs in C°, we have

Ry(Fio + thy, Foo + thio) — Ra(Fho, Fao)
t

Yy
= / ht2 o ml(FIO + tht1)<y)dy
Y

n /y Fao omy(Fio + thy) — Fag o my(Fio) (y)dy.
y

t

Consider the first integral [;.

|hua © M (Fro + the)(y) — ha 0 ma(Fio)(y)]
< |hig o my(Fig + the)(y) — ha o my(Fig + the)(y)|
+  [he oma(Fio + thi)(y) — ha 0 ma(Fio)(y)]
< iz = halloo + |h2 © mu(Fio + tha)(y) — ha 0 ma(Fro)(y)].

By uniform convergence of h;; towards ho, the first term in the last inequality converges to 0
when t goes to 0. By convergence of my(Fig + thy) towards my(Fip) and continuity of hg, the

second term also converges to 0. As a result,
hig 0 my(Fio + the)(y) — he o my(Fio)(y).
Moreover, for ¢ small enough,
|hz © ma(Fio + tha)(y)| < [[hale + 1.

Thus, by the dominated convergence theorem, I; — fyg ho o my(Fip)(y)dy, which is linear in hy

and continuous since the integral is taken over a bounded interval.

Now consider the second integral I5. Let us define y, as the solution to Fio(y) = 1 on (y,7) if

there is one such solution, y =Y otherwise. We prove that almost everywhere,

B0 muFioly) + thaly)) = Fro o malEwlv)) , g (popmiynty <) (70

As Fy is increasing, for y <y , Fio(y) < 1, so that for ¢ small enough, Fio(y) + thu(y) < 1.

Therefore, for ¢ small enough,

Fy o0 ml(Fm(y) + thtl(y)) — Fyo0 m1(F10(y)) _ Fyy 0 (Flo(y) + thtl(y)) — Fyo Flo(y)
t t
_ (Fy(Fuo(y)) + () (Fio(y) + thu(y) — Fio(y))
t

= (Fy(Fu(y)) + &) hu(y)
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for some function £(t) converging towards 0 when ¢ goes to 0. Therefore,

Fhy omy(Froy) + thtliy» — B omi(Fo(y) — Foo(Fio(y))ha(y),

so that (77) holds for y <y . Now, if § >y >y, Fio(y) > 1 because Fy is increasing. Thus,

for ¢ small enough, Fio(y) + thy (y) > 1. Therefore, for ¢ small enough,
Fyo 0 ma(Fio(y) + thi (y)) — Fao 0 ma(Fio(y))
t
so that (77) holds as well. Thus, (77) holds almost everywhere.

=0,

Now, remark that m; is 1-Lipschitz. As a result,

Fyo 0my(Fio(y) + tha(y)) — Fao o mi(Fio(y)) '

t 1Ffgl el 3]

< 1F5ollse (Iha ()] + [her = Palfoc) -

Because ||hy — hilloo = 0, [h1(y)] + [|her — hil]oo < |R1(y)| + 1 for ¢ small enough. Thus, by the
dominated convergence theorem,

/y Fao omq(Fig + thy) — Fag o mq(Fio)
t
y

IN

(y)dy — / B Fyo(Fio(y))hi(y)dy.

The right-hand side is linear with respect to hy. It is also continuous since the integral is taken

over a bounded interval. The second point follows.

Proof of 3. Combining the same reasoning as in part 1 with a dominated convergence ar-

gument, we obtain that Rs(Qqx,Q2x,Q3x) = fol Q1|X{Q2_‘§{[Q3|X(u|x)|x]|$}du is Hadamard
differentiable at (Q10/x, Q20x, @30/x), With

s o) = | b [t (@l ] + 0. [Quax 0 Qx| (@ i) 2
x | =h2 |Qalx[Quox (ula)], 2] + ha(u, 2)] } du.

Besides, by the same reasoning as in the proof of Lemma 20.10 of van der Vaart (2000),
Rs(Fx,G) = [miy(x)G(z)dFx(z) is Hadamard differentiable at any (Fy,G) such that Fyx

is a cdf and G is of bounded variation. Moreover,

dRg(hy, hy) = —/hld[m{% x G] +/ [miy % ho] dF.
The result follows by the chain rule g
Lemma S6 Assume Assumptions 1, 8, 10-12 and 17 hold. Let
0 = (Fooo, - Foir, Fio0, -+, F111, Moo, A1o, Aoty A1)
For d € {0,1} and ¢ € Q, 0 — ffﬁcm’d(y)dy, 0 — ffﬁcm’d(y)dy, 0 — Fg}c’d(q) and

0 = Fcicqlq) are Hadamard differentiable tangentially to (C°)* x R2.
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Proof: the proof is complicated by the fact that even if the primitive cdf are smooth, the bounds
Feoioq and Fchd may admit kinks, so that Hadamard differentiability is not trivial to derive.
The proof is also lengthy as F;c 4 and Fcicq take different forms depending on d € {0,1} and
whether A\gg < 1 or \gyp > 1. Before considering all possible cases, note that by Assumption 10,
ECIC,d =Cy (Id)'

1. Lower bound Fgq

-1
For d € {0,1}, let Uy = Aandm—H/C\lOd(jzll(,\IO,FdH)

) , so that

T, = My(mi(Ug)),

CAT,) = MaFan — Hy ();ijiml-i- (1-— AOd)Id).

Also, let
Yoa = inf{y : Ua(y) > 0} and yjy = inf{y : Us(y) > 1}.
When yg, and y}, are in R, we have, by continuity of Uy, Us(ys,;) = 0 and Uy(y},) = 1. Conse-
quently, T4(y54) = Ua(yoq) and Ty(yiy) = Ua(yiy)-
Case 1: M\gp <1 and d = 0.

1
In this case, U, = o ()\10531;0)(:)\00}7001. We first prove by contradiction that y, = +oo. First,

because lim,_, . Up(y) < 1, we have

lim Ty(y) = Mo( lim Up(y)) < 1.

y——too y——o00

Thus, by Assumption 10, Uy(y) < 1 for all y, otherwise T,(y) would be decreasing. Hence,
Yip = +0o0.

Therefore, when yj, < 400, there exists y such that 0 < Up(y) < 1. Assume that there exists
y" > y such that Uy(y') < 0. By continuity and the intermediate value theorem, this would
imply that there exists y” € (y,y’) such that Uy(y”) = 0. But since both Uy(y) and Uy(y”) are
included in [0, 1], this would imply that T, is strictly decreasing between y and y”, which is not
possible under Assumption 10. This proves that when y{, < 400, there exists y such that for
every y' >y, 0 < Up(y') < 1.

Consequently, T, = Uy for every ¢y > y. This in turn implies that Co(T,) = 0 for every y' > y.
Moreover, Cy(T,) is increasing under Assumption 10, which implies that Cy(7;) = 0 for every
y. This proves that when y; < +o00, Co(Z,) = 0. This implies that S, is empty, which violates
Assumption 17. Therefore, under Assumption 10, we cannot have y{, < +oo when Aoy < 1.

Because y, = +00, T, = 0. Therefore,

MoFo11(y) — Ho (Moo Foo1(y))

Co(To)(y) = Mo — 1
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The map F — |, S F(y)dy is linear and continuous with respect to the supremum norm at any
continuous F because S(Y) is bounded. It is thus Hadamard differentiable, tangentially to C°.
Therefore, by Assumption 17, the first point of Lemma S5, and the chain rule,

0 — ECIC,O<y)dy
S(Y)

is Hadamard differentiable tangentially to (C°)* x R2.

Then, the map F' +— F~! is Hadamard differentiable at any F with strictly positive derivative,
tangentially to C° (see, e.g., van der Vaart, 2000, Lemma 21.4). Moreover, by Assumption 17,
Co(L,) is increasing and differentiable with strictly positive derivative on S, which is equal to
S(Y) in this case. Thus, by the first point of Lemma 5 and the chain rule, 6 — Fgje0(q) is
Hadamard differentiable tangentially to (C°)* x R? for any ¢q € Q.

Case 2: Moo > 1 and d = 0.
In this case,

U, Moo Foor — Hy '(MoFor)
0 Moo — 1 '

Therefore, lim, ,, Uy(y) = 0, and lim, .53 Up(y) > 1. As a result, —oo < yjj, < +oo, and
Ty(yiy) = Uo(yqfo)iz 1. This in turn implies Cy(Z,)(y3,) = 0. Combining this with Assumption
10 implies that Co(Zy)(y) = 0 for every y < yi,. Moreover, Assumption 10 also implies that
T,(y) =1 for every y > y},,. Therefore,

0 if y <uiy
Co(To)(y) = _ _ T
A10Fo11(y) Ho(;\l(;offm(y)Jr(l X00)) if y > y%()‘

Thus, Co(Ty)(y) = Mo(R2(Foi1, Foio0, Fooos Foo1, Aoos A10)), where Ry is defined as in Lemma S5.
Hadamard differentiability of fyg Co(T,)(y)dy tangentially to (C°)* x R? thus follows by Points 1

and 2 of Lemma S5, the chain rule and the fact that by Assumption 12, (Fo11, Fo10, Fooo, Foo1, Moo, A1o) €
(CH* % [0,00) x ([0,00)\{1}). As for the LQTE, note that by Point 1 of Lemma S5, 6 — Cy(T,)

is Hadamard differentiable as a function on (yi,, %), tangentially to (C°)* x R?. By Assumption

17, Co(L,) is also strictly increasing and differentiable with positive derivative on S8 = (¥, 7).
Thus, by point 1 of Lemma S5, Hadamard differentiability of F' — F~!(q) at (Co(T,),q) for

q € Q tangentially to C°, and the chain rule, § — F E}C7O(q) is Hadamard differentiable tangen-
tially to (CY)* x R2.

Case 3: Mog <1 and d = 1.
In this case,

U — Ao1Fio0 — Hl_l()\llFlll)
! Xot — 1 ‘
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A11 > 1 implies that Ain < 1. Therefore, y* = Ffﬁ(/\in) is in S(Y') under Assumption 8.
Case 3.a: \op < 1,d=1 and y§; <y*.

We have U, (y*) = >‘°1F§+(_yl)_l < 1. Assume that U;(y*) < 0. Since y8; < y*, this implies that
there exists y < y* such that 0 < U;(y). Since U; is continuous, there also exists y' < y* such
that 0 < U;(y') < 1. By continuity and the intermediate value theorem, this finally implies that
there exists y” such that ¢y < y” and U;(y"”) = 0. This contradicts Assumption 10 since this

would imply that T'; is decreasing between 3" and y”. This proves that

0< Ul(y*) < 1.

Therefore, T, (y*) = Uy (y*), which in turn implies that Cy(Z';)(y*) = 0. By Assumption 10, this
implies that for every y < y*, C1(L)(y) = 0.

For every y greater than y*,

)\01F100(?J) —1

Uily) =

Ui(y) < 1. Since Uy(y*) > 0 and y +— %{%’H is increasing, U;(y) > 0. Consequently, for
y =y, Ii(y) = Ui(y).

Finally, we obtain

0 if y <y,
CilT)W) = | rumuw-1

v ity > y*.

The result follows as in Case 2 above.
Case 3.b: \oo < 1,d=1 and y;, > y*.

For all y > y*, Uy (y) = 2890 W=L This implies that yg = Figo(1/Ao1) < +o00 and Uy (yiy) = 0.
%‘1@{)_1 is increasing, U;(y) > 0 for every y > y,. Moreover, U;(y) < 1.

Therefore, T, (y) = Uy(y) for every y > y{,. Beside, for every y lower than y{;, T',(y) = 0. As a

Because y +—

result,
AiFi(y)—Hi(Mo1Froi(y) ¢ u
TG = | sy LU= v
TS if Yy > Yo1-

This implies that

Yy 1 Yy
/ Ci(T))(y)dy = o1 [)\11/ Fii(y)dy — Ry(MNo1Fior, Hi) |
Y 11 Y

where R, is defined in Lemma S5. 0 — ff Fi11(y)dy is Hadamard differentiable at Fiq, tan-
gentially to C°. As shown in the proof of Lemma S5, Hi = Figo Fl_oé is a Hadamard differ-
entiable function of (Fiy9, Floo), tangentially to (C°)%. Thus, by Lemma S5 and the chain rule,
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Ry(No1 Fho1, Hy) is a Hadamard differentiable function of (Fio1, Fii0, Fioo), tangentially to (C°)3.
The result follows for fyy CL(T))(y)dy.

The previous display also shows that C(T;) is Hadamard differentiable as a function of
(Fr00, Fro1, Fii0, F11, Aot, A1)

when considering the restriction of these functions to (y,yg;) only. By Assumption 17, C1(T))
is also a differentiable function with positive derivative on (y,yg;). Therefore, using once again
the first point of Lemma S5 and the chain rule, § — C1(T;)"'(¢) is Hadamard differentiable
tangentially to (C°)* x R?, for ¢ € (C1(L)(y), C1(L1)(y5)) = (0,¢1). The same holds when con-
sidering the interval (yg;,7) instead of (y, ;). Hence, 0 — F 5}0,1(51) is Hadamard differentiable
tangentially to (C°)* x R?, for ¢ € (0,1)\{q:} = Q.

Case 4: A\gp > 1 and d = 1.

In this case,

Hfl()\nFln) — X100

U p—
! 1— Aot

Therefore, lim,,, Ui(y) = 0, which implies that yj; > —oco. As above, A;; > 1 implies that

y* is in S(Y') under Assumption 8. U;(y*) = %}f?f(“ > 1, which implies that yj4, < 4o00.

Therefore, reasoning as for Case 2, we obtain

0 if y <y
C\(T)(y) = : Dl iy s g
A1 F111(y) Hl(;‘loll_FllOO(y)"'(l o)) i Y >yl

The result follows as in Case 2 above.

2. Upper bound ch,d.

-1
Let V, — AoaFao1—Hy (]\i‘;iilde“+(l_>\ld)))7 so that

~
IS
|

Mo (m1 (Va))

_ MaFyin — Hy (MogFao1 + (1 — Xog)T
Cd(Td) _ 1d4'd11 d(;ldd iml ( 0d) d).

Also, let
Yog = inf{y : Vy(y) > 0}, yiy =inf{y: Vi(y) > 1}.

Note that when yg, and y7, are in R, by continuity of V; we have V(yg,;) = 0 and V(yj,) = 1.
Consequently, Ta(ysy) = Va(ysa) and Ta(yig) = Va(yly)-

Case 1: Moo <1 and d = 0.
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In this case,

Hy ' (MoFoin + (1 — Aio)) — AooFoor

V p—
0 1 — oo

Since g < 1, limyHgVO(y) > 0 and can even be greater than 1.

First, let us prove by contradiction that y}, = —oo. Vo(y) < 1 for every y < yi,. Using the fact
that lim, ., Vo(y) > 0 and that Ty must be increasing under Assumption 10, one can also show
that 0 < ‘;O(y) for every y < y¥,. This implies that Ty(y) = Vi(y) which in turn implies that
Co(To)(y) = 1 for every y < y¥,. Since Cy(T,) must be increasing under Assumption 10, this
implies that for every y € S(Y),

This implies that Sy is empty, which violates Assumption 17. Therefore, 3%, = —oc0.

yly = —oo implies that lim,_,, To(y) = 1. This combined with Assumption 10 implies that
To(y) =1 for every y € S(Y). Therefore,

Co(To)(y) = AoFoi1(y) — Ho ()\)Izofoil (y) + (1 — Aoo))'

The result follows as in Case 1 of the lower bound.
Case 2: Moo >1 and d = 0.

In this case,

Moo Foor — Hy *(MoForn + (1 — Aip))

Yo = Moo — 1

Since Ajp < 1, lim,,,,, Vo(y) < 0. Therefore, yg, > —oc.
Case 2.a): oo > 1, d =0 and yf, < +o0.

If oy € R, To(ys) = Vo(yl,) which in turn implies that Co(To)(yg,) = 1. By Assumption 10,
this implies that for every y > y&, Co(To)(y) = 1. For every y < vy, To(y) = 0, so that

T AoFor1 — Ho (Moo Foor)

Co(T )
o{To) Ao 1
As a result,
A10Fo11(y)—Ho (Moo Foo1(y)) iy <yl
2l — y — y )
CoTo)y) =], 7 =
1Ly > Yoo-

The result follows as in Case 2 of the lower bound.

Case 2.b): Moo > 1, d =0 and y, = +oo.
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If 48, = 400, To(y) = 0 for every y € S(Y), so that

MoFo11(y) — Ho (Moo Foo1(y))
Ao — 1 .

CO(TO)(y) =

The result follows as in Case 1 of the lower bound.
Case 3: A\gg <1 and d=1.
In this case,

Vo= AorFion — Hy "M Fin — (Mg — 1))
1 = :
)\01 -1

Therefore, lim, ,, Vi(y) = 0, which implies that yj; > —oo. Ay > 1 implies that /\i\llzl < L

Therefore, y* = Fﬂ%(kl;lzl) is in S(Y) under Assumption 8.

Case 3.a): \op < 1, d=1 and y}, > y*.

We have Vi(y*) = X1 Fio1(y*)/(Mo1 — 1) > 0. If y* < ¥, Vi(y*) < 1. Therefore, 0 < Ty (y*) =
Vi(y*) < 1. This implies that C;(T)(y*) = 1 which in turn implies that Cy(T;)(y) = 1 for every
y > y* under Assumption 10.

For every y lower than y*,

/\01F101(y)

Vi(y) pY—

Vi(y) > 0. Since by assumption y}; > y*, Vi(y) < 1. Consequently, for y < y*, we have
T1(y) = Vi(y). As a result,

AMi1Fi11(y)

Cy(Th)(y) = 1 At if y > y*

if y <y,

The result follows as in Case 2 of the lower bound.
Case 3.b): Moo < 1,d=1, and yj; < y*.

First, V4 (y¥,) = 1, implying T1(y?,) = 1. By Assumption 10, T (y) = 1 for all y > y¥,. Second,
ify <y, <vy*, Vily) = %O_ll(y) Thus V] is increasing on (—oo,y{;). Moreover V;(y};) = 1.
Hence, Vi(y) < 1 for every y < y¥,. Because we also have V;(y) > 0, T1(y) = Vi(y) for every

Y < Yt
As a result,

S if y <y,
CvT)W) = | s B P 1-A .
11F111(y) 1/\(110i1101(y)+ 01) if y > yi)l'

The result follows as in Case 3.b) of the lower bound. Note that here, Cy(T;)(y) is kinked

at oY, with C1(T1)(y?,) = ¢2. Hence, we have to exclude this point of the domain on which

0 — F;}Cyl(q) is Hadamard differentiable.
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Case 4: Moo >1 and d=1.

In this case,

Hi'(MiFin — (A — 1)) = A Fio
]. - Aol )

Vi =

lim, 5 Vi(y) = 1, which implies that yj;, < +o0o. As above, A\;; > 1 implies that < 1.

Therefore, y* = Fm(’\llnl) is in S( ) under Assumption 8. Vi(y*) = _’\OllF—l/\‘z)ll(y) < 0. Since

T, is increasing under Assumption 10, one can show that this implies that 3, > y*. Therefore,

)\11 1
A11

reasoning as for Case 2, we obtain that

A1 F111(y)—Hi(Mo1 Fio1(y))

_ if y < g2,
Ci(T1)(y) = Ny
1 it y > yg,-

The result follows as in Case 2 of the lower bound -

For any random variable U, we let hereafter m¥ denote the series estimator of m¥(x) = E(U|X =
x) with K, terms in the series estimator. Then, for any other random variable J € {0,1}, we
let mY_;(z) = mY’(z)/m’(x) denote our estimator of mi_,(z) = E(U|J =1,X = z).

Lemma S7 Suppose that (1;, J;, U;, Vi, Xi)iz1,..n are i.d.d. and parts 2 and 3 of Assumption 18

hold. Suppose also that m? and m’Y are s times continuously differentiable. Then ||7/7\”Lg:1(l‘) —mY_, HOO =

op(n=1/4).
Proof: by Theorem 4 of Newey (1997) and parts 2 and 3 of Assumption 18,

s (7 [ =) = Oy (K [V + 1] )

Moreover, by the conditions on K, the right-hand side is an op(n~'/4). Hence, with probability
approaching one, the left-hand side is smaller than ¢/2, where ¢ = inf,csx)ym”(z) > 0. Then,
by Lemma S3 and the triangular inequality,

1.
15 = mia | < = (17 = m ) + [l =] ]
U
2(1+HZZJIHOO maX(HmJU mJU” _mJ||oo)2'

The result follows g

The proof of Theorem 8 uses repeatedly Lemma S8 below, which establishes a linear represen-
tation result on two-steps estimators involving a nonparametric first step. Let I and J be two

dummy variables and let U and V' be two other random variables. In the proof of Theorem
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8, I and J are functions of D, G and T, U is D or Y and V is a function of X. Let also
v = EVE[U|X,J =1]|I =1] and

? _ Z?:l Iivimgﬂ(Xi)'
Z?:l I;

The following lemma shows that under suitable conditions, 7 admits a linear representation.

Lemma S8 Suppose that (1;, J;,U;, Vi, Xi)iz1, n are i.i.d. and parts 2 and 3 of Assumption 18
hold. Suppose also that x — E(U?|X = z) is bounded, v — E(JU|X = z), x — E(J|X = z)
and E(IV|X = x) are s times continuously differentiable, E(|V|*) < oo, P(J = 1|X) >p >0
almost surely and P(I =1) > 0. Then

(Xi) = 0) + A(X0) Ji(Us — mf_, (X))
PI=1)

V=) = 5 3 A onll), (19

where N(z) = E(IV|X =z)/E(J|X = z).

Proof: let 3 = LS LVimY_(X;) and By = E(IVmY_;(X)). We first prove that B is root-n
consistent and can be linearized. We follow Frolich (2007, pp.62-69) by checking that Condi-
tions 6.1-6.6 of Newey (1994) are satisfied, except for 6.4-(i): we check instead that his weaker
Condition 5.1-(i) is satisfied, since 6.4-(i) is only needed for the consistency of the asymptotic
variance estimator. We adopt the same notation as Newey (1994), by letting go = (go1, go2) =
(m?Vm?Y, §(a) = (P, @Y, Zi = (L Jo X Un Vi)' m(Z,g, 8) = IVy(X)/ga(X) — § and
m(Z,g) =m(Z, g, bo).

First, remark that E[(J — E(J|X))?*X] < 1/4 and E[(JU — E(JU|X))?*X] < E(U?|X), which
is bounded by assumption. Hence, Condition 6.1 holds. Conditions 6.2 and 6.3 are satisfied here
by parts 2 and 3 of Assumption 18, as shown in page 156 of Newey (1997). To check Assumption

5.1-(i), let
. v 91(X)
D(Z,9:6,9) = =~ [91(X) = =
( ) 92(X) () 92(X)
Let C' = p, so that [|ge|l,, > C. By Lemma S3 applied to 21 = IVgi(X), y1 = g2(X),

xy = IV go1(X) and y» = go2(X), with g satistying ||g — gol|,, < C/2,

X ga(X)

im(Z,g) —m(Z, go) — D(Z,9 — go; B, 90)|

201 + [VmY_ (X

2O COD e (Vs — gl 92 — 00l
201 +|VmY_ (X

<20V D (4 2 g = gof 2

< 2
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so Condition 5.1-(i) holds. Now let us turn to Condition 6.4-(ii). Using Newey’s notation, we
check it for d = 0. First, E[|V|*] < co and there exists K such that |mY_,(z)] < K, on S(X).
Thus,

B [(1+[Vmi_y(X)DIVE] < o0

Then, here a = s/r and (o(K,) < C1 K, for some constant C; (see Newey, 1994, p.1371). There-
fore, the two statements of Condition 6.4-(ii) hold because K, [\/ K,/n+ K, S/T} = o(n™'/*) by
part 3 of Assumption 18.

We check Condition 6.5 with d = 1. A similar reasoning as above shows that

-
P+ k) .

\D(Z, g; 8, 90)| <

which implies the first statement. The second and third statement follow from the same reasoning
as in Frolich (2007), p.68, and from the conditions s > 3r and K[/n — 0. Finally, Condition
6.6-(i) is satisfied with 6(X) = A(X) (1, =mY_,(X)). Then Condition 6.6-(ii) holds by applying
the same reasoning as in Frolich (2007), pp.68-69, and because both gy and § are s times
differentiable.

Hence, Conditions 6.1-6.6 of Newey (1994) hold. By the proof of his Theorem 6.1, this implies
that his Conditions 5.1-5.3 also hold. Then, by his Lemma 5.1,

\/ﬁ(B—Bg>:\/_Zmego +8(X;) (JiU; —m?Y (X), (J; — m? (X:)) + op(1)
\/—Zlval i) = Bo + NX) Ji(Us — mj_(X;)) + op(1).

Now, applying Lemma S3 with x; = 5 Y1 = (I =1), x5 = fp and y» = P(I = 1), we obtain,
with a large probability,

W—YO—ﬁ[ﬂ 50—70( (]—1) P(I:1)>H
2(1 + |7l) 3 Sip 2
< mmaxw = Bol, |P(I =1) = P(I =1)])".

Moreover, the right-hand side is an op(1/y/n). By rearranging the left-hand side, we finally

obtain the linear decomposition (78)

Finally, the asymptotic normality of the CIC-type estimator with covariates, established in Part
3 of Theorem 8, uses the following Lemma S9, together with Part 3 of Lemma S5 above.

Lemma S9 1. Under Assumptions 8X, 18 and 19, we have

Vi [Fyha() = Fgh (1] = <= 37 T2 (= 105 = XU5(r) < 0)) + on1).

€T 1 Pdgt
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where J; = E [fyp((X/ﬂ(T))XX/}_l and the op(1) is uniform over (1,z) € (0,1) x S(X).
2. For any (z,7) € S(X) x (0,1), let G(7,2) = (Fx,, (x), Fyg1,,(7), Fiog, (7). Fiyty, (7). Then

\/ﬁ[é—a} — G,

where the convergence is in the space of continuous process on (0,1) x S(X) and G denotes a

continuous gaussian process defined on that space.

Proof: Part 1. We prove that uniformly over (7, z),

Vgt | Fagho(7) = Fggh (7] = N FT X (7 - 1{Yi - X[Bagi(7) <0}) +0p(1).  (79)

The result then follows directly from ngg:/[npagt] LN 1, as in the proof of Lemma S4. To alleviate
the notational burden, we let the dependency in (d, g, t) implicit hereafter. For instance, we let
T denote Zyy, n denote ngq, etc.. We denote by P, the empirical distribution of (X,Y’) on Z,
P denote its true distribution and G,, = y/n(P, — P). We write, e.g., Ph as a shortcut for
J hdP. We also let p,s(v,y) = (1 — I{y — 2’8 < 0})(y — 2'B), hrp(x,y) = x(7r — I{y < 2'B}),
R = {prp,(1.08) € [0,1] x B} and H = {h,p,(7,5) € [0,1] x B}. To establish our proof of
(79), we first show that B (7) is uniformly consistent in 7. Then we prove a uniform Bahadur

representation on (7).

a. Uniform consistency
Let M.(8) = —Pp,p and M, () = —P,p-p. First, R is Glivenko-Cantelli because it satisfies
the conditions of pointwise compact classes considered in Example 19.8 in van der Vaart (2000).

As a result,

sup | M (8) = M (3) =5 0.

Following the proof of Theorem 5.7 of van der Vaart (2000), this implies

0< sup M(B(r)) — M (B(r)) — 0. (80)

7€(0,1)
Second, using Equation (4.3) of Koenker (2005), we obtain, for any £,
M- (B(7)) — M-(B) = E[p-(Y — X'B8)] — E[p,(Y — X'B(7))]

X' (B—B(1))
| [ Bt 0800 B8
0

Because inf(, ) fy|x(y|z) = ¢ > 0 and X is assumed to have bounded support, this yields

M (B(7)) = M(8) = K |B(r) = BI°, (81)
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for some constant K > 0 independent of 7. Fix ¢ > 0. If sup, ¢

)B\(T) —B(T)H > &, then
there exists 7y such that HB(TO) — B(70)

> ¢/2. Then (81) implies that
sup M. ((7)) = M (B(r)) = Ke*/4,
7€(0,1)
which happens with proability approaching 0 in view of (80). The result follows.

b. Uniform Bahadur representation

Let X (resp. Y) denote the matrix (resp. the vector) stacking all X; (resp. Y;), for ¢ € Z. For all

€ (0, 1), there exists a subset h C Z of r elements such that the corresponding submatrix (resp.
subvector) X (k) (resp. Y (h)) of X (resp. of Y) satisfies B(7) = X (h) 1Y (h) (see Koenker, 2005,
p.34). Note also that by Assumptions 18-19, Y and X are in general position with probability
one (see Koenker, 2005, p.35). Then

Y Xi(r = Y < X{B(r)} = (r = DX (R)'wr,

ich
where ¢, is a vector of one of size r. Moreover, by Theorem 2.1 of Koenker (2005), there exists
A= (A1, ..., A) with [A;] <1 such that

ST Xl — 1{Y; < X[B(r)} = X(h)'A,

ich
where h denotes the complement of 4 in Z. By Assumption 19, | Xi]l; < C for some C > 0.
Hence, we obtain,

> Xi(r = 1{Y; < X[B(m)})

i€

<2 ||IXil|, < 2Cr,

1 i€h

which holds uniformly over (d, g,t, 7). Thus,

P

sup — 0.

7€(0,1)

f S Xi(r - 1{Y; < XIB(0)})

€L 1

Now, using Ph; gy = 0, we obtain
—VnP [’%ﬁm - hr,ﬁm} =Gu [hT,B(T) - hwm} + Gnhrpry + 0p(1),
uniformly over 7. Moreover, by the intermediate value theorem,
VAP B 5y = b = B [ frix (X' (8(7) + (1= t)BNIX)XX| Vi (B(r) = 8(7))
for some random ¢, € [0, 1]. Now, by uniform consistency of B (7) and continuity of fyx(.|z),

sup | fx (X' (5(7) + (1 = £)B)IX) = fype (X (45() + (1= 1) B(r) 1X)| > 0.

7€(0,1)
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Because fy|x(.|z) is bounded and S(X) is compact, Theorem 2.20 in van der Vaart (2000)
implies that
VP [b 5y = nsi] = (I + 0p(1) v (B(r) = 8(7))

where the op(1) is uniform over 7.

Next, remark that H = H; + Ho, with Hy = {(z,y) — a7,7 € [0,1]} and Hs = {(x,y) —
—x1{y —2'p <0}, € B}. The sets Hy and {(z,y) — y — 2’8}, B € B} are Donsker as subsets
of vector spaces (see van der Vaart, 2000, Example 19.17). Still by Example 19.17 in van der
Vaart, 2000, this imlies that Hs, and then also H, is Donsker. Besides,

d

2 2
=5 |IX;

he 5y = ) HY < X'B(n)} - 1{Y < X5 <T>}H

< OB [|Fyx(X'B(r) = Fyx(X'5(r)]|

< K'sup frix(yle) | B(r) = 8(7)

(y,2)

‘1'

0. Then, following the proof of Theorem 19.26 of

2
hefiry = hrpo) |
van der Vaart (2000), we get, uniformly over T,

Hence, sup, ¢ 1) P ‘

P
G [Py 0y = rsin)| 0.

For all 7 € (0, 1), the smallest eigenvalue of J-! is greater than the one of cE[X X']. It is thus
bounded away from 0, uniformly over 7. This, combined with the boundedness of S(X) and
what precedes, yields

sup

x,T

:L’/JTGn |:h'7',§(7') — hr,,@(r)} ‘ i> 0.

Equation (79) follows.

2. We prove the result for 1 only. By the Cramer-Wold device, a similar reasoning applies for
G. By the stability properties of Donsker classes (see, e.g.,van der Vaart, 2000, Example 19.18),

it is easy to see that the set of functions
{(d,g.t,2,y) > H{d =d,g = G,t = 7 J-(y — I{y — #/B < 0}), (&, 7, B) € S(X) x (0,1) x B}

is Donsker, for any ((7, g,1) € {0,1}3. Hence,
1
— Y 2 TX (r— 1{Y; — X[B(r) < 0}) = G,
Vg

where the convergence is in the space of continuous process on (0,1) x S(X) and G denotes a
continuous gaussian process. Part 1 and, e.g. Theorem 18.10-(iv) of van der Vaart (2000) then

imply the result
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