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Proof of Proposition 1

β̂sub is a conditional maximum likelihood estimator, hence by, e.g., Andersen (1970), it is
asymptotically normal with asymptotic variance Vas equal to

Vas = E

{
V

[
∂ ln (Pr (Y |D,X))

∂β

∣∣∣∣D,X

]}−1
.

We now show that Vas = I(β̂sub)
−1. First,

ln (Pr (Y |D,X)) = Z(Y )′β − ln

(∑
k∈D

exp
(
Z(k)′β

))
.

Consequently,

∂ ln (Pr (Y |D,X))

∂β
=
∑
j∈D

Z(j)′1 {Y = j} −

∑
k∈D

exp (Z(k)′β)Z(k)∑
k∈D

exp (Z(k)′β)
.

As a result,

V

(
∂ ln (Pr (Y |D,X))

∂β

∣∣∣∣D) =
∑

(j,j′)∈D2

Z(j)Z(j)′Cov
(
1 {Y = j} ,1

{
Y = j′

}∣∣D,X
)
.
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Note that

Cov
(
1 {Y = j} ,1

{
Y = j′

}∣∣D,X
)
=

Pr(Y = j|D,X) (1− Pr(Y = j|D,X)) if j = j′

−Pr(Y = j|D,X) Pr(Y = j′|D,X) if j 6= j′
.

After some algebra, we obtain

V

(
∂ ln (Pr (Y |D,X))

∂β

∣∣∣∣D,X

)
=
∑
j∈D

PjDZ(j)
(
Z(j)−ZD

)′
.

Finally, by the law of iterated expectations,

V −1as =
∑
j∈P

E
[
PjZ(j)Z(j)′

]
− E

[
Z(j)E

[
PjDZ

′
D|X

]]
.

To prove the second point, we use the expression

V −1as = E

∑
j∈P

PjZ(j)Z(j)′ −
∑

(j,k)∈P2

Z(j)Z(k)′PjDPkD

 (1)

and the fact that β̂CMLE is a particular case of β̂sub, with D = P
(∑T

t=1 Y t

)
. This implies

that its asymptotic variance also satisfies (1) with this D. Then, it suffices to prove that

∑
(j,k)∈P2

Z(j)Z(k)′E
[
PjDPkD

∣∣S,X] >>
∑

(j,k)∈P2

Z(j)Z(k)′PS
j PS

k ,

where >> denotes the usual order on symmetric matrices, S =
∑T

t=1 Y t and PS
j = Pr(Y =

j|S,X). Equivalently, we must prove that matrix M =
∑

(j,k)∈P2 Z(j)Z(k)′Cjk, with
Cjk =cov(PjD, PkD|S,X), is symmetric positive. Consider a vector λ and an ordering
Z1, ...,Z2JT of the (Z(j))j∈P . Let a =

(
λ′Z1, ...,λ′Z2JT

)
. Some algebra shows that

λ′Mλ = a′Ca, where C is the covariance matrix with typical term Cij . The result fol-
lows by positivity of C.
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