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Many real-world data sets can be presented in the form of a matrix whose entries correspond to the interaction
between two entities of different natures (the choice of a product by a customer, the number of times a web user
visits a web page, a student’s grade in a subject, a patient’s rating of a doctor, etc.). We assume in this paper that
the mentioned interaction is determined by unobservable latent variables describing each entity. Our objective is
to estimate the conditional expectation of the data matrix given the unobservable variables. This is presented as
a problem of estimation of a bivariate function referred to as graphon. We study the cases of piecewise constant
and Holder-continuous graphons. We establish finite sample risk bounds for the least squares estimator and the
exponentially weighted aggregate. These bounds highlight the dependence of the estimation error on the size of the
data set, the maximum intensity of the interactions, and the level of noise. As the analyzed least-squares estimator is
intractable, we propose an adaptation of Lloyd’s alternating minimization algorithm to compute an approximation of
the least-squares estimator. Finally, we present numerical experiments in order to illustrate the empirical performance
of the graphon estimator on synthetic data sets.
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1 Introduction

In this paper, we consider the problem of estimating the conditional mean of a random matrix generated
by a bivariate graphon and (unobserved) latent variables. More precisely, let n and m be two positive
integers assumed to be large, and H be an n X m random matrix with real entries H; ;. We assume that
the distribution of this matrix H satisfies the following condition.

Assumption 1. There is a function W* : [0, 1]2 — R, called the graphon, and two random vectors
U=(Uy,...,Uy)and V =(Vy,...,V,,) such that

e Uy,...,Uy,Vi,...,V, are independent and drawn from the uniform distribution U ([0, 1]).
e conditionally to (U, V), the entries H; ; are independent and E[H; ;|U,V] =W*(U;,V;).

The aforementioned setting corresponds to the practical situation in which there are n customers and
m products. Each customer has an unobserved latent feature U and each product has an unobserved
latent feature V. We observe the label H that characterizes the interaction between the customer and the
product (typically, that the customer chose the product). The function W* corresponds to the mean value
of the interaction for given values of the latent features.

The scope of applicability for both the aforementioned framework and the results derived in this paper
encompasses the following main examples:

1. The entries H;_ ; take the values 0 or 1 and correspond to the presence of an edge in the bipartite
graph. In the example of customers and products, one might set H; ;j =1 if and only if customer i
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Figure 1: An illustration of the graphon problem. The leftmost graph represents the unknown graphon W*. The
second leftmost graph is the adjacency matrix observed in the graph where the links are made according to the
Bernoulli model. The third graph is the adjacency matrix that would be obtained after a rearrangement of the
rows and columns if we had access to the latent variables. The rightmost graph represents the histogram estimator
obtained from the rearranged adjacency matrix. Our goal is to design an estimator which is nearly as good as the
oracle, without having access to the latent variables.

has already bought the product j. It is important in this setting to take into consideration the case
of large and sparse graphs, in which the probabilities of having an edge between two nodes are
small for all pairs of nodes.

2. The provided data is composed of an aggregation of N instances of the customer-product graph
outlined in the preceding paragraph. Each entry H; ; signifies the observed frequency of customer i
purchasing product j. For instance, in a scenario where the customer visited the store N = 10 times
and H; ; = 3/10, it indicates that the customer acquired product i on three out of ten occasions.
In this context, the range of values for H; ; spans from 0 to 1. Assuming independence across
the aforementioned N trials, the variance of H; ; scales with the order of 1 /N. As a result, this
framework exhibits the distinctive trait of having low-noise variance. This particular instance can
be encompassed within a broader context of a sub-Gaussian distribution characterized by a small
variance parameter o2, which corresponds to 1/N.

3. The provided data corresponds to observations collected within a time window of duration 7 > 0.
Each H; ; represents the average occurrences of customer i/ purchasing product j over the time
interval with a length of T > 0. This scenario can be expressed using the formula H; ; = N; ;(T)/T,
where N; ;(T) denotes a Poisson random variable characterized by an intensity proportional to 7'.
The parameter 7' may be large, thereby facilitating accurate estimation. It is important to distinguish
this example from the prior one in which the values of H; ; were confined to the interval [0, 1]. In
the current context, the values of H; ; are not subject to such constraints and can vary arbitrarily in
magnitude.

Our goal is to study the minimax risk of estimating W* and to highlight its dependence on the important
parameters of the problem. The sizes n and m of the matrix are among these parameters, and we are also
interested in the dependence on the smoothness of W*, the “sparsity” of interactions denoted by p, and
the noise level denoted by o. Specifically, p and o are such that

IW*lw=sup |[W"(u,v)|<p, and Var[H;;|U;V;]< o?as., Vie[n],Vje][m].

u,vel0,1]

The parameters p and o may depend on n and m, but we choose to write p instead of p,, ,, and o instead
of oy, for the sake of simplicity.
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In the process of estimating the graphon W*, an important intermediate step involves estimating the
matrix @* = W*(U;, V;). This matrix estimation is of significant interest in its own right. We approach
this task by solving a least-squares problem over the set of block-constant matrices, where the blocks are
determined by partitions of the rows and columns of H. Furthermore, we demonstrate that the method of
aggregation using exponential weights can be employed to ensure adaptivity to the number of blocks.
Under the assumption that the graphon is either piecewise constant or a-Holder-smooth, we establish
non-asymptotic risk bounds for the graphon estimator derived from the estimator of ®*. These risk
bounds are shown to be rate-optimal in the minimax sense across a broad range of regimes.

Figure 1 illustrates the graphon estimation problem in the case where H represents the adjacency
matrix of a bipartite graph, with entries taking values of either O or 1. The figure highlights the significant
impact of not knowing the latent variables on the recovery of the graphon. Specifically, the adjacency
matrix H depicted in the second leftmost plot contains limited information about W*, especially when
compared to the rearranged adjacency matrix shown in the third plot.

When U and V are unknown, the graphon W* is unidentifiable. To formalize this, let M denote the
set of all automorphisms 7 : [0, 1] — [0, 1] such that 7 and 7~! are measurable, and t preserves the
Lebesgue measure in the sense that 1(7~!(B)) = A(B) for every Borel set B c [0, 1]. Two graphons W
and W’ are said to be equivalent if W = W’ o (1] ® 1) for some 71, 72 € M. Here, we used the notation
71 ® 13 for the function from [0, 1]% to [0,1]? defined by (1] ® 72)(u,v) = (71 (1), 72(v)). It can be
verified that matrices H and H, generated by equivalent graphons W* and W*, share the same distribution.
This implies that one can at best estimate the equivalence class containing W*. This motivates the
(pseudo)-distance we use in this work to measure the quality of an estimator W of W, namely:

S(W,W*) = inf (//{0 e W (x1 (), 72(v)) — W*(u,v)|2 du a’v)l/2

Tl,TQGM

= inf [|[Wo (11 ®712)— W 2.
M|| (11 ®1) Il

T1,T2€

The main contributions of the present paper are the following:

e We present a nonparametric framework based on bivariate graphon functions and unobservable
latent variables that offer a flexible way of modeling random matrices and, in particular, adjacency
matrices of random bipartite graphs.

e We establish finite-sample risk bounds for two types of estimators: the least-squares estimator that
minimizes the squared error over block-constant matrices with a fixed number of clusters, and the
exponentially weighted aggregate that combines these least-squares estimators. These results are
applicable to adjacency matrices of bipartite graphs, where entries are drawn from the Bernoulli
distribution. Moreover, the bounds extend to other distributions, including the binomial distribution,
scaled Poisson distributions, and sub-Gaussian distributions.

e We present an adaptation of Lloyd’s algorithm of alternating minimization (including a step of convex
relaxation) to our setting, which allows us to obtain a computationally tractable approximation of
the least squares estimator.

¢ In the case of matrices with entries whose conditional distribution given latent variables is the
Bernoulli one, we prove lower bounds on the worst-case risk, over the set of piecewise constant
graphons, for any graphon estimator. These lower bounds, in the vast majority of cases, are of the
same order as the upper bounds obtained for the least-squares estimator.

Prior work  Statistical analysis of matrix and network data, based on block models similar to those
considered in this work, is an active area of research since at least two decades. The stochastic block
model, introduced by Holland et al. (1983), is perhaps one of the most studied latent structures for
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network data, see also (Nowicki and Snijders, 2001) and (Govaert and Nadif, 2003) for early references.
Community detection, which is the problem of detecting the underlying block structure, has been the
focus of much research effort, as evidenced by studies such as (Zhao et al., 2012, Chin et al., 2015, Lei
and Rinaldo, 2015, Lei, 2016, Zhang and Zhou, 2016, Wang and Bickel, 2017, Chen et al., 2018, Xu
et al., 2020) and literature reviews such as (Gao et al., 2017, Abbe, 2018). It should be noted that the
majority of these studies focused on unipartite graphs with binary or discrete edge-labels, and their
optimality was mostly related to identifying the smallest separation rate between the parameters of the
communities that enables their consistent recovery. Similar problems for bipartite block models have
been investigated in (Feldman et al., 2015, Florescu and Perkins, 2016, Neumann, 2018, Zhou and Amini,
2019a, 2020, Cai et al., 2021, Ndaoud et al., 2022).

In contrast with the aforementioned papers, the focus here is on optimality in terms of the estimation
error for a model that encompasses bipartite graphs with weighted edges. Consistency of graphon
estimators has been studied in (Airoldi et al., 2013, Wolfe and Olhede, 2013, Olhede and Wolfe, 2014).
In the same problem, minimax-rate-optimality of the least squares estimator has been established in (Gao
et al., 2015, 2016, Klopp et al., 2017, Klopp and Verzelen, 2019), see also the survey article (Gao and
Ma, 2021). To better present our contributions within the current state-of-the-art, it would be beneficial
to provide a brief overview of the contents of these papers. Gao et al. (2015) considered the case of
binary observations H; ;, focusing on the dense case p = 1, and obtained minimax rates of estimation
over the classes of piecewise constant and Holder continuous graphons. Gao et al. (2016) extended these
results to matrices H with sub-Gaussian entries, some of which might be missing completely at random.
However, as discussed in Section 3.1, their results are sub-optimal in some cases w.r.t. the noise variance,
for instance when edge-labels are drawn from the binomial distribution. In the case of a unipartite graph
with binary edge-labels, (Klopp et al., 2017) established the minimax-optimal rates of estimation for
sparsely connected graphs, where p <« 1. While Gao et al. (2015, 2016) measured the estimation error
using the normalized Frobenius norm of the difference between the estimated matrix and the true one,
Klopp et al. (2017) additionally considered the L,-distance between the equivalence classes of graphons.
In (Klopp and Verzelen, 2019), minimax optimal rates of graphon estimation in the cut distance have
been established for unipartite graphs with binary observations. Computational lower bounds in this
problem have been obtained in (Luo and Gao, 2024).

The problems studied in this work are closely related to recent developments in econometrics. In
particular, as a consequence of (Aldous, 1981, Theorem 1.4), if the matrix H can be extended to an infinite
array that is row- and column-exchangeable, then there exists a function g* : [0, 1]4 — R and independent
random variables a, {U;}, {V;}, and {&;;} uniformly distributed on [0, 1] such that the random matrices
Hand (¢*(a,U;,V;,&ij)si € [n], j € [m]) have the same distribution. The problem studied in this paper

is equivalent to estimating the random function W*(u,v) = fol g*(a,u,v,7) dz from the observations
g (a,U;,Vj,&;);i € [n], j € [m], without assuming any parametric form for the function g*. If, in
addition to H; ;, we are also given a feature vector X; ; for each pair of nodes (i, j), the extended
model defined by g* (X, j, @, U;,V;,&; ) can be considered. This approach is adopted, for instance, in
(Graham, 2017), where a specific parametric form g*(x, @, u,v,z) = 1(x' B+ u +v +log(z/(1 —z))) is
assumed. In this parametric context, the parameter of interest is the vector 8. Similarly, in (Graham,
2020), the regression function f[0,1]3 g (x,a,u,v,z) dudv dz is assumed to have the parametric form
exp{a + (x, B)}/(1 + exp{a + (x, 8)}), and the problem of estimating the parameter vector (a, 8) is
studied. Asymptotic results, including the law of large numbers and the central limit theorem for
exchangeable arrays, have been established in (Davezies et al., 2021).

Notation For an integer n > 1, we set [n] ={1,...,n}. In mathematical formulae, we use bold capitals
for matrices and bold italic letters for vectors. The integer part of a real number x is denoted by |x],
whereas the minimum and the maximum of two real number x,y are denoted by x A y and x V y,
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respectively. For two n X m matrices B and B, the inner product is defined as

(B,B)=tr(BB") = i i BijBij,

i=1 j=1

and we denote by ||B||r = v/(B, B) the Frobenius norm of the matrix B. The sup-norm of B denoted by
|IB||co is defined as the largest in absolute value entry of B. We write B; o and B,_; for the ith row and
the jth column of B, respectively. The length of an interval I C R is denoted by |I|. For n € N, 1,, is the
n-vector with all its entries equal to one.

2 Estimators of the mean matrix and the graphon

In this section, we define the estimators of the mean matrix @* = E[H|U, V] and of the graphon W*
that are investigated in this paper. We focus here on mathematical definitions only; computational and
algorithmic properties of these estimators and their tractable approximations are deferred to Section 4.

2.1 Least squares estimator of @*

Let us start by introducing some notation. For positive integers ng, n, K satisfying Kno < n and K > 2,
we define the set

Z(n,K,ng) = {Z € {0,1}"K: Z1x =1, and km[ig] 1,Zey > no}- ¢))
€

The elements of this set can be seen as assignment matrices: each one of the n customers is assigned
to one (and only one) of the K “communities”’, and we have the condition that each community has at
least ng “members”. Similarly, we will repeatedly use the set Z (m, L, mg) of the assignment matrices
corresponding to the products. Since the n rows of H correspond to the customers and the m columns of
H correspond to products, the elements of Z (n, K, ng) will be denoted by Z"' whereas the elements of
Z(m, L, mg) will be denoted by ZP™4, Matrices Z°"* and ZP™¢ correspond to a biclustering: the clusters
of customers are specified by the matrix Z"'; in the same way, ZP™9 encodes the clusters of products.
Given the observed adjacency matrix H, the least squares estimator is defined by

KXL

(6, zcust, Zprod)LS carg min ||H _ ZcuStQ(med)THi. 2)
QeR

2 e Z(n,K,np)
2P Z (m,L,mp)

Here, Z¢"5'Q(ZP™9)T is a n x m block-constant matrix. The idea is thus to find the block-constant matrix
that is the closest to H in the metric induced by the Frobenius norm, where the blocs are given by the
matrices Z< and ZP™9, and the sizes of blocks are at least ng X my.

These estimators computed by (2) lead to the block-constant least squares estimator of @* defined by
s = ZC“S‘Q(ZprOd)T. One can write ®S in the following alternative way. Let us consider the class of
block-constant matrices

T =Ty = {@=Z5Q(@™ N (Q.27,Z7™) € RN UXZ k g X Tt} )
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The least squares estimator ®-° is a solution to

OLS _ @QLS . 2
0~ =0y, ,[K.L] €arg min IH-0|s. 4)
O T m,

Our first results, reported in the next section, provide non asymptotic upper bounds on the risk of @-S.

2.2 Aggregation by exponential weights

The least squares estimator O'S is constant on K L blocks. The number of these blocks, chosen beforehand,
is a hyperparameter of the method. If the true matrix ®* is far from being blockwise constant on K L
blocks, then the quality of estimation by (:)';S’mo [K, L] might be poor because of the presence of a large
bias. One can reduce this bias by computing the least squares estimator for several values of K, L (but
also ng and mq) and then by aggregating these estimators.

To this end, we consider here the extended framework in which two independent copies H and H’
are observed, both satisfying Assumption 1 (with exactly the same U and V). The matrix H is used
to construct estimators, whereas H’ is used to define “weights” which are used for computing the
exponentially weighted aggregate (EWA). More precisely, we denote by (?)'I'S, ey @';S least-squares
estimators computed by solving (4) for s different values of (K, L, ng, mg). We define

s ’ _ @LS)|2
@EWA:ZW{?@LS’ with wp = exp{—|[H OgA“F/:B} ’ )
= 3o exp{~IIH’ - ©:°|]2/B}
where 8 > 0 is a parameter often referred to as the temperature. Since H” and @{%S are computed from
two independent data matrices, they are independent. This independence plays a crucial role in the
proofs of the risk bounds for the EWA. The choice of S depends on the nature of the observations and,
more specifically, on the distribution of the noise £; see the next section for further details.

2.3 Adaptations in the case of missing values

The estimators of @* presented in previous paragraphs use all the entries of the matrix H. However,
these estimators, as well as the mathematical results stated in the following sections, are easy to adapt to
the case of missing observations. More precisely, assume that we observe some iid random variables
M; ; taking values O and 1 such that the value H; ; is revealed to the statistician if and only if M; ; = 1.
Denoting by p = P(M; ; = 1) and assuming that M; ; is independent of (H; ;,U;,V;) (this case is
commonly referred to as missing completely at random), we can define the adjusted observation matrix
H by its entries ﬁi,j =H; jM; ;/p, fori€ [n] and j € [m].

Then, to define the least-squares estimator of @, it suffices to replace H with H in (2). Similar
modifications can be made for defining the exponentially weighted aggregate. Note that this strategy
has already been successfully applied in (Gao et al., 2016). If we assume that p is known, the entries of
matrix H are all observable and the conditional expectation of H given (U, V) is still @*. Furthermore,
Var[ﬁi, iU Vil < (0'2 +p2(1 - p))/p, where o is an upper bound on the conditional variance
Var[H; ;|U;,V;] and p? is an upper bound on the squared coefficients (@:.‘,j)z.

In the case of unknown probability p, we can replace I:Iyi,j =H; iM; ;/pby ﬁfj =H; jM; j/p, where
p= ﬁ 2i,j M;.j is the proportion of observed entries of H. Since P concentrates around p thanks to the
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properties of binomial distributions, the estimators of @* based on H* are very close to those based on
H. It is therefore plausible that they will satisty similar oracle inequalities. However, this will necessarily
require some technical modifications in the proofs and the statements of the main results, which are
beyond the scope of the present work.

2.4 Estimating the graphon

Having estimated the matrix @*, the focus shifts to constructing an estimator of the graphon W*. To this end,
for any n x m matrix ©, we define the associated graphon Weg : [0, 1]> — [0, 1] as a piecewise constant
function. More precisely, Wg is constant on each rectangle I; X J; = [(i = 1)/n,i/n) X [(j = 1)/m, j/m)
for (i, j) € [n] X [m], and is defined by

W@(u,v)zG)i,j, for all (u,v)EIl-XJj. (6)

The rationale behind this definition is the following. Let o} and o be permutations of [n] and [m],
respectively, such that the order statistics satisfy U(;) = U, (;y and V( ;) =V, ;) forany (i, j) € [n] x [m].
When n and m tend to infinity, U(;) and V/ ; are well approximated by (i —1) /nand (j — 1)/m, respectively.
If the true graphon W* is sufficiently smooth, then for every (u,v) € I; X J;,
* s ([— —1 *
W () =W (L E5) 2 W (Uor 1) Vora () = ©

n

o0,y = Wer (P45 201,
Defining 7 : [0, 1] — [0, 1] as the measure-preserving bijection given by 71 (u) = (o1 (i) —i + u)/n
whenever u € 1;, and defining 7, analogously, the above display yields W* (u,v) » We+ (71 (1), T2(v)), for
all (u,v) € [0,1) x [0, 1), or, equivalently, W* = Wg: o (7] ® 12). This provides an intuitive justification
for the definition (6).

In addition, for an estimated graphon defined by (6), the estimation error can be easily related to
the error, measured by the Frobenius norm, in estimating matrix @*. Indeed, one easily checks that
IWg — Werllz, = |© — ©*||¢/vim, which leads to

10 -0
Vnm
We will apply this inequality to both 0= Ors and 0= Ogwa. For simplicity, we often write wks

and WEWA instead of We, and Wg,,,, , respectively. We will focus on two main classes of graphons:
piecewise constant graphons and Holder continuous graphons, respectively defined by

d(Wg. W*) < W — WerllL, +6(Wer, W™) < +6(Wer, W5). )

K-1L-1
WIK,L] = {W: 0,117 > R: 3 (I d by ek st w= )" > W(ak,bg)lllkxjf}, (8)
k=0 ¢=0

He,r ={W:[0,11> > R: [W(x) - W(x)| < Lllx -x||%, ¥x,x" € [0,1]}, )

for some K, L € N* and a € (0, 1], £ > 0. Above, in the definition of W[K,L],0=ag<...<ag =1,
O0=bo<...<bp=1,I=[ak,ars1) and Jp = [be,bpyy) for k=0,...,K—1and €=0,...,L — 1.

The decomposition provided by (7) splits the graphon estimation error into two components: the
error of estimating the conditional mean matrix ®* and the bias of approximating W* by the piecewise
constant function Wg+. The former is the only term that depends on the estimation routine and on
the probabilistic assumptions on the noise; it will be analyzed in the next section under various such
assumptions. The latter depends only on the “smoothness properties” of the graphon. The next result
allows us to evaluate this term.
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Proposition 1. Let G);‘j =W*(U;,V;) fori€ [n] and j € [m], where W™ : [0, 1]1?> = [A, B] for some
A, Bsuchthat —00 < A < B < +oo,
. (Piecewise constant graphon) Assume that W* € W|[K, L] for some numbers K, L € N*. Then

Blo(Wer, W12 < B A)(\f \f)

2. (Holder continuous graphon) Assume that W* € Hy,_r for some @ € (0,1] and L > 0. Then
2L 2L

nal2  pal2’

E[6(Wege, W52 <

The proof of this result, provided in (Donier-Meroz et al., 2024, Section 9.1), extends the techniques
developed in the proof of (Klopp et al., 2017, Proposition 3.2) to the case of functions that are not
necessarily symmetric. As a minor remark, the constants in our results are smaller than those available
in the literature.

3 Finite sample risk bounds

We have introduced in Section 2 the least-squares estimator and the exponentially weighted aggregate
for estimating the matrix @, as well as their associated graphon estimators. We provide in this section
upper bounds for the risks of these estimators. The main purpose of these bounds is to highlight the
behavior of the estimators when n, m are large and p, o are small (o denoting the noise magnitude).
While the proof of Theorem 1 is deferred to Section 8, the proofs of the other theorems and propositions
stated in this paper are provided in (Donier-Meroz et al., 2024).

Throughout this work, we assume that the entries of H satisfy the following modified Bernstein
condition.

Definition 1. For a,b > 0, we say that a zero-mean random variable ¢ satisfies the (a, b)-Bernstein
condition, if

A2a

w11 < i

} provided that |2]| < 1/b.

The class of random variables satisfying the (a, b)-Bernstein condition extends the classes of sub-
exponential and sub-Gaussian random variables. Some basic facts about this condition are provided in
(Donier-Meroz et al., 2024, Section 10).

3.1 Risk bounds for the least-squares estimator o's

We start by stating risk bounds for estimators of ®*. To this end, without loss of generality, both in the
statements and in the proofs, we treat @" as a deterministic matrix; this is why we require H; ; to be
independent instead of requiring conditional independence given U, V.

Theorem 1. Let n,m,ny,mo, L, and K be positive integers such that L > 2, K > 2, 3 <ng < n, and
3 <mg < m. Let p, b, and o be nonnegative numbers. Let H be an n X m random matrix with independent
entries satisfying BE[H; ;] € [0, p] for alli € [n] and j € [m], and such that the centered random variables
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(H;j — E[H;}]) satisfy the (02, b)-Bernstein condition. Then the least squares estimator oL of the
mean matrix " = E[H], defined in (4), satisfies the exact oracle inequality

. Vs
E[10" - 07|F] 10 - |Ie 1
< inf  —— 4+ (1702 +4bp +24b? no, P (KL
W Oc¢ 7;115 W ( P wn,m( 0 mO)) rn,m( )
where
3KL logk logL\'2 1 1
(L) = (50 JOBK TR (g mg) = ELI0) Jogtemm) -y
nm m n mo no

Lower bounds on the minimax risk of all possible estimators, showing that the risk bound in Theorem 1
is rate optimal under various regimes, will be stated in Section 5. Let us mention here the fact that in the
particular case b = 0 corresponding to a sub-Gaussian distribution, the condition E[H; ;] € [0, p] can
be removed and the claim of the theorem remains true.

Theorem 1 being stated for general distributions, it is helpful to see its consequences in the cases of
common distributions of H; ; mentioned in the introduction.

Corollary 1. We assume that the conditions on n,m, ng, mg, L, K required in Theorem 1 hold.
1. If H;;’s are drawn from any distribution with support [0, 1] with mean ©; j < p, then they satisfy
the Bernstein condition both with parameters (p, 1/3) and (1/4,0). Therefore,

E[|0S - 0*|2]"? e KL logK logL\'2
[l ] < i l©-© ||F+4\/F(_+ ogK  log )
W Q¢ ,,K’L \/’%

0-1M0

nm m n

where T=1A (4p + ﬁ log(en/ng) + ﬁ log(em/myg)).
2. If for some N € N, (NH;)’s are independent binomial random variables with parameters (N, O j)
such that © ; < p, then H; ;’s satisfy the (o/N, 1/3N)-Bernstein condition and,

~ o
E[|0 -0 ||%] P < nf |® - O*||F 4\/—( KL logK N logL)‘/2
\nm = Oc nlé’rlr‘zo \nm Nnm Nm Nn

1 1
where I'=4p + Nmy log(en/ng) + N log(em/my).
3. If H;j’s are independent sub-Gaussian random variables with means © j and variance proxies

Tl-z ;S o2, then they satisfy the (02, 0)-Bernstein condition and,

E[16"S - 0°|2] " 0-0" KL logK logL\'~
[ B Ie s (KL , oK logLy

Vnm Oc 7;{5 \nm

nm m n

4. If for some T > 0, (T H;;)’s are independent Poisson random variables with parameters 70 j <Tp,
then H; ; satisfy the (p/T,1/3T)-Bernstein condition and, therefore,

oy 1
E[|©" —®*||%] /2 < inf |® - 0O*||F +4\/F( KL . logK N logL)'/2
Vnm \@ 'EK \Vnm Tnm Tm Tn

017

where I'=4p + ﬁ log(en/ng) + ﬁ log(em/my).
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The remainder term appearing in these risk bounds can be interpreted as

) . “dimension” of the parameter space 12
noise magnitude X - >
sample size

which is a familiar form for statistical risk bounds. Indeed, the quantity K L +n log K +m log L corresponds,
up to constants, to the logarithm of the covering number of 7;5 ;,fo, a standard measure of the complexity
of the parameter space. Beyond its heuristic value, this interpretation also explains why the above upper
bound is optimal, up to a multiplicative constant, under mild regularity conditions.

Note also that the least-squares estimator, for which the risk bounds above are established, does not
require knowledge of p, o, or b. This explains, in particular, why the remainder term in the obtained
risk bounds does not vanish when o + p = 0. This may be contrasted with the results in (Gao et al.,
2016), where a remainder term linear in o + p is obtained for a least-squares estimator that incorporates
knowledge of p through the constraints of the minimization problem. Our results have the advantage of
showing how p enters the risk bound even when the estimator is constructed without using it. However,
a limitation of our bounds is that, for small values of p, they do not match the minimax lower bounds,
since smaller risk bounds can be obtained either for the estimator that outputs the zero matrix, or for the
constrained least-squares estimator with the constraint ||®||o < p (Gao et al., 2016, Klopp et al., 2017).

Remark 1. As mentioned in the introduction, an upper bound similar to the one of Theorem 1 has
been established in (Gao et al., 2016), under the condition that H; ; — E[H; ;] are o-sub-Gaussian.
The remainder term obtained therein is of the order (o + p)ry, (K, L). Since o-sub-Gaussianity is
equivalent to the (o2, 0)-Bernstein condition, our theorem applies to the same setting and yields a smaller
remainder term, o7, (K, L) (which is independent of p). Of particular interest is the case where the
entries are scaled binomial random variables with p = 1, as in the second claim of the last corollary.
In this scenario, the risk bound of (Gao et al., 2016) includes a remainder term of order r;, (K, L)
since the sub-Gaussian norm of the arithmetic means of independent Bernoulli random variables is of
constant order. Interestingly, our upper bound is substantially tighter since its remainder term includes a
deflation factor of N~1/2. In Section 5, we demonstrate that this upper bound is tight, at least when n and
m are of the same order of magnitude.

3.2 Risk bounds for the EWA QEWA

In signal denoising, pioneering work by Leung and Barron (2006) established sharp bounds for the EWA,
initially limited to Gaussian noise. Subsequent progress saw extensions to encompass a wider array of
noise distributions, as evidenced by works such as (Dalalyan and Tsybakov, 2007, 2008, 2012, Dalalyan,
2020, 2023). The findings presented in this section are derived from those expounded in (Dalalyan,
2023), which, to the best of our knowledge, remain the sole results in the literature applicable to models
featuring asymmetric noise distributions, as arise naturally in the Bernoulli and binomial models.

Theorem 2. Let H an n X m matrix with independent entries and let @ = E[H]|. Let H' be an
independent copy of H. Let B be a set of quadruplets (K, L,ng, mg) =: p and let oL [p] be the least
squares estimator defined by (4). Let QEWA [*B] be the exponentially weighted aggregate (5) applied to
estimators {@LS [r] : p € P} with some temperature parameter 8 > 0. Let r,, (K, L) be as in (10).
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1. (Bernoulli/binomial model) Assume that for some N € N, NH; ; ~ binomial(N, @j’j) with @:.‘,]. <p
foreveryi € [n] and j € [m]. For B=8/(3N), the estimator OEWA = @EWA[‘B] satisfies

E[[|OFWA - 07|2] — o 1 2
LI ] <min{ inf 1= ”F+91/£rnm(K,L)}+{—8 Ogm}
\nm peP lO@eT[p] nm N 3Nnm

provided that maxyes (mL0 log(en/ng) + n—lo log(em/mg)) <3Np.

2. (Gaussian model) Assume that H; ; ~ N(G):.‘j,a'l?j) with 0'1.21. <o foreveryie [n] and j € [m].

For B =402, the estimator OFEWA - @EWA [*B] satisfies

E[I1OEWA _ @122 0-0* 1 12
LI I¢] <min{ inf 1O=O7lF, smn,m(K,L)} +o—{—°gm|} .
\Vnm peP LOcT[p] nm nm

To prove the first claim of this theorem, it suffices to combine (Dalalyan, 2023, Cor. 4) with Theorem 1.
Similarly, the second claim follows from (Dalalyan, 2023, Cor. 2) and Theorem 1. Similar results can be
obtained for arbitrary distribution with bounded support and for the Laplace distribution, using Corollary
3 and Corollary 5 from (Dalalyan, 2023), respectively. Unfortunately, we are currently unaware of any
result that facilitate the extension of these bounds to encompass the Poisson distribution and the broader
class of sub-Gaussian distributions.

Remark 2. The upper bounds obtained in Theorem 2 show that the extra error term due to aggregation
is not large, when the sample size nm is large. Note that the factor log || is usually not large. A
reasonable choice for this set is the following: choose geometrically increasing sequences K; = [ 2!*+7/2]
and L; = [21+772] for 0 <i < 2log,(n/10) and 0 < j < 2log,(m/10). Then, for each K; and L;,
choose ng < n/K; and mo < m/L; to be of the form | 22+¢/2 | This method of choosing P ensures that
B < 410g§(n/ 7) logi(m /7). Therefore, the term log |B| is, in almost all settings, of smaller order than
K L; indeed, one can check that log |3| > 12 implies that min(n,m) > 12 X 104,

3.3 Risk bounds for the graphon estimators WS and WEWA

A suitable combination of the risk bounds established in Theorem 1 on the error of estimators of the
mean matrix @ = E[H] and of inequality (7), allows us to get risk bounds for the graphon estimators
WS and WEWA. We will focus on two classes, piecewise constant and Holder continuous graphons,
for which the evaluation of the approximation error is provided in Proposition 1. Obviously, using this
strategy makes the term infgcs ||®@ — O ||—the oracle error—appear in the error bound, where 7
is the set of constant by-block-matrices defined in (3). In the case of the class of piecewise constant
graphons, this oracle error vanishes, whereas in the case of Holder continuous graphons, it needs to be
evaluated, which is done in the next proposition. Note that, unlike in Section 3.1 and Section 3.2, we
now return to the original framework of random @* and all the expectations comprise integration with
respect to the latent variables U and V.

Proposition 2. Let W* be a-Holder continuous, i.e., W* € H,, r for some a € (0,1], L >0, see (9).
Let 6?,]' =W*(U;,V;) forie[n] and j € [m]. Let ng 2 2, mg =2, K <n/ng and L < m/mq be four
integers. Then, the n X m matrix @ with entries ©; j satisfies

o @-0 el 3£, 1 1
E| jnf 2 0F g—(—a+—a),
PcT \Vnm 2 \K L
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where T = 7;,0 mo is the set of block-constant matrices defined in (3).

We have now all the necessary ingredients to state the main results of this paper, quantifying the error
of estimating the graphon. We do this first for the least squares estimator, considering in particular that
the parameters K and L of the set 7~ (on which the minimum in Equation (2) is computed) is fixed. We
then state the result for the exponentially weighted aggregate.

Theorem 3. Let H be a n X m random matrix satisfying Assumption 1 with some graphon W* :
[0,1]% = [0, p]. Assume that for some constant o > 0, conditionally to U, V, the random variables
(Hi; —E[H;;|U,V]) satisfy the (02, b)-Bernstein condition. The following claims hold.

1. If the graphon W* € WK, L], see (8), such that

81 K
AK) .= min 1 M, AL .= min |Joo1] =
ke[K] n Ce[L]

8log(mL)
— (11)

6log(2e/AK))  6log(2e/AL))

< 2
D T oA S (o/b)

then, the estimator WS = Wes with OS =S (K, L] defined by (4) satisfies

ng,mo

_ 3KL logK logLy\'2 ( [k [L\"
BI6(WHS, W21 < (2707 +4bp) (2= 4 282 4 082) +p(\/—+\/—)
nm m n n m

2. Leta e (0,1], L >0 and B=a/(2a +2). Without loss of generality, assume that n > m. If the
graphon W* is Holder continuous W* € Hg, 1, see (9), and

m2(t+l N 2(4b/0_)4((l+1) V3

_— > 12
nlog4(2n) (250’2 +4bp) (12)

then, there is a choice of K, L,ng, mg such that the least squares estimator WLs = W(:)Ls with
LS .
oL ®no mo LK L] satisfies

2 B 2 I/z
250 +4bp) +((500’ +8bp)1ogm) N 4L (13)

E[é(WLS,W*)z]I/Z < 6.51_2’8( .
ma/2

3nm m

In order to ease understanding of these results, let us make some comments. First, one can note that
applying the first claim of the theorem to Bernoulli random variables' H;. j (the Bernstein condition is
then fulfilled with o2 = p, b=1/3), we obtain

[6(W"SW)]1/2<10(meL pl?)"’iK plOgL ” (\/7 \/7) (14)

provided that 5 (L) log(2e/AK)) + e A(K -log(2¢/A®)) < p. In the balanced setting n=m, K =L
and AK) = A(L) =1/K, the upper bound in (14) simplifies to

10\/,35+9(p1(’>1g1<)1/2+\/§p(§)1/4’

n fact, exactly the same result holds if we replace Bernoulli by any distribution supported by [0, 1].
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Distr. of H; j ‘ Values (0'2, b) ‘ Condition (12) ‘ Risk Bound (13)
2, 100% 1/4
Bernoulli(p) (p,1/3) 5 5 Lontogh2n) | 1IVLp M 8plogm 4L
’ m3 (nm)1/4 v ym
2 4 /4 .51
Binomial(N.p)/N | (p/N.1/3N) | p5 > L-Nmlog"@m) | 1IVLpT™  8yplogm 4L
m3 (Nnm)1/4 VNm \m
sub-Gauss(02) (02.0) o2 3L%logt(2m) | 1IVLo 8oflogm LAL
' = 25m3 (nm)1/4 N m
. L2Tnlog*(2n) ll\/fpl/4 8yplogm 4L
Poisson(Tp)/T T,1/3T 5S> + + =
(Tp)/ (p/T,1/3T) | p 3 ra— — N

Table 1. Upper bound for Lipschitz-continuous graphons and various distributions.

provided that p > 2(K /n)log(2¢K). The last expression is of the same order as the rate established in
(Klopp et al., 2017, Corollary 3.3.1)) for graphons of unipartite graphs. Furthermore, it holds under more
general conditions on the observations and contains explicit values for the constants.

Second, one can have a closer look at the order of magnitude of the three terms appearing in (13) in
the case n = m tending to infinity and assuming £, o, b and p to be of order one. Then the first term
is of order (n2)~®/(2¢+2) which is known to be the minimax optimal rate of estimating an a-Holder
continuous, d = 2-variate regression function based on n* observations. The second term, of order
(logn/n)'/?, is dominated by the first term when « < 1, and has the optimal order up to a logarithmic
factor when a = 1. The third term being of order n= 2 is of optimal order n~1/2 when @ = 1, and is the
largest term of the sum for all @ < 1.

To the best of our knowledge, the question of whether there are estimators of Holder-continuous
graphons that achieve a faster rate of convergence than n~%/2 remains open. The common belief is that
this term is unavoidable and it is the price to pay for not observing the covariates U, V. Note that the
deterioration caused by this lack of information, measured by the ratio of the third and the first terms of
the risk bound in (13) is of order n@(1-a@)/(2a+2)  ,0.086 \when 5 and m are of the same order. From a
practical point of view, this deterioration is not significant, since even for n = 10%, n0-08¢ < 6.

One can also draw the consequences of the second claim of the theorem under various (conditional to
U, V) distributions of H; ;. For @ =1 (8 =1/4), that is Lipschitz-continuous graphons, conditions (12)
and inequality (13) are reported in Table 1.

To close this section, we state the risk bounds that can be obtained by combining Theorem 2 and
Theorem 3. To keep the statement simple, only the case of piecewise constant graphon is presented.

Corollary 2. Let n < m and let H be a n X m random matrix satisfying Assumption 1 with some
(K, L)-piecewise constant graphon W* : [0,1]? — [0, p]. This means that for some integers K, L > 2
andforO=ag<...<ag=1,0=b1 <...< by =1suchthat (11) holds, the function W* is constant on
each rectangle [ax—_1,ax[X[be—1, be[. Let B be chosen as in Remark 2 and let WEWA[B] = Waewa -
1. (Bernoulli/binomial model) Assume that for some N € N, conditionally to (U,V),NH; ; is drawn
from the binomial(N,@;.“,j) distribution with 6?,1' =W*(U;,V;) < pforeveryi e [n] and j € [m].
For 8 =8/(3N), we have

_ 12 /2
E[é(WEWA’W*)z]I/Zgg(szL"']OgIngm+p10gK+p10gL)/+p( K., /E)
n m

nm m n

log(3e/A(K)) i 10g(3e/A(L))

provided that === B

< Np.
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2. (Gaussian model) Assume that, conditionally to (U, V), the entries H; ; are drawn from the

Gaussian N(W*(Ui,Vj),a'z(U,-,Vj)) distribution with |W*(u,v)| < p and 0'2(u,v) < o2 for
every u,v € [0,1]. For 8= 402, we have

_ 2KL +logl logK log L\2 [k [L\"
]E[(S(WEWA,W*)Q]I/2<50-( og 0g2m+ og + og ) +2p( 2. _) ]
n m

nm m n

4 Tractable approximation of the least-squares estimator

The least squares estimator introduced in (2) and studied in previous sections is a solution to a
combinatorial optimization problem that is computationally intractable. Specifically, it is impossible to
compute this estimator in polynomial time. The goal of this section is to present a tractable algorithm
that computes an approximation to ©'S. While there is no guarantee that the proposed algorithm always
yields an estimator close to 0, itis plausible that this holds in many practical cases.

It should also be stressed that, as shown in (Luo and Gao, 2024), there exists a computation-information
gap in the problem of graphon estimation. Roughly speaking, this implies that the rate of convergence
for the best possible computationally tractable algorithm is provably worse than that of the least squares
estimator. For instance, when edge labels are drawn from a Bernoulli distribution and the class of
piecewise constant unipartite graphons with K blocks and sample size n is considered, (Luo and Gao,
2024) proved that the best possible rate of convergence for an estimator representable as a low-degree
polynomial of the input matrix H is, up to logarithmic factors, of order (K/n)!'/2. For large K, this
rate is significantly worse than the rate (K /n) + ((log K)/n)'/? achieved by the least-squares estimator.
Although the Lloyd-type algorithm presented below is not a polynomial of H, it is likely that its error
rate suffers from a similar degradation.

The approximation to the least-squares estimator proposed in this section can be viewed as an
adaptation of Lloyd’s algorithm for k-means clustering (Lloyd, 1982). To describe it, let us recall that
the least squares estimator is defined by

(Q, Zcust’ Zprod)LS €arg min ||H _ ZCUStQ(med)T”'Z:. (15)
QERKXL
7% e Z (n,K,ngp)
zPde Z (m,L,mg)

It turns out that when two of the three arguments Q, Z°!, and ZPd of £ are fixed, the minimization
problem with respect to the third becomes tractable. Consequently, we employ an alternating minimization
algorithm, which guarantees that the cost function £ (Z", Q, ZP™9) = ||H — Z°UstQ(ZPod) T ||% decreases
at each iteration. Various versions of this algorithm have been studied in the literature on estimation and
detection in the presence of latent structure (Coja-Oghlan, 2010, Lei and Rinaldo, 2015, Lu and Zhou,
2016, Giraud and Verzelen, 2019).

The rest of this section provides more details on each step of this algorithm, as well as the initialization
and on the stopping criterion.
Minimization in the second argument Q  When the clusters are known, meaning that we know
matrices Z°' € Z(n, K, ng) and Zprod ¢ Z(m, L,myg), see (1), the solution to

6 — argQ ‘E}? . L(ZCUSt, Q. Zprod)
e X
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Algorithm 1 Lloyd’s algorithm of alternating minimization for approximating the LSE (15)

Require: Z°!, 7P the left and right cluster matrices with entries in {0, 1}, H the data matrix.
Ensure: (Z°,Q, ZprOd) local minimizer of L(-,-,-).
Repeat:

1. Compute Q = (Z&SL ) THZP™Y where ZE%t s the matrix Z<! with normalized columns with
respect to £!-norm (the number of 1 in the column), and similarly for Zﬁg?g].
2. Update Z" that minimize Z — £L(Z, Q, ZP™9)

3. Update ZP™9 that minimize Z +— £(Z,Q, Z)

is easy to compute: each entry Q «1 s the average of the coefficients H;; belonging to the (k,[)-block
defined by Z<** and ZP™ (a coefficient (i, /) is in the block (k,[) if Z&™ =1 and Zi.’;()d =1). Formally,

this is equivalent to Q = (ZL ) THZP™S where Znom = (Z7Z)~\Z for Z € {Z°, ZProd},

Minimization with respect to Z°*  We focus now on the problem of minimizing the cost function
L(Z%¢,Q, ZP9) over Z¢*' € Z(n, K, ng). Let us first consider the relatively simple case np =0 when
there is no constraint on the cardinality of left clusters. We aim to find Z"*t € R"*X that minimizes

Z — L(Z,Q,ZP™%) under the constraints that Z € {0, 1}">*K and Z1x = 1,, (i.e., each row of Z has only

one entry equal to 1). Let us define C?md ={j € [m], Zféf(’d = 1} to be the £-th right cluster and introduce

notation
1

prod _
H - Cprod
IC,

it

—di prod
ZjeCEdeij and D=diag(|C, " )re[r]-

Simple algebra yields £(Z,Q,ZP™Y) = ¥ | |H; o — Z] ,Q(ZP™9)T |13, where Z; o is ith row of Z. Since
Z; . is allowed to have only one nonzero entry, and it should be equal to one, Z I.Q(Zp“’d)T is merely a
row of Q(ZP™Y) T This implies that ’Z\lc‘;‘t =1(j= E), where

L
k': i H'._ .ZpI'OdTZ: i TO H_ 2‘
i argkren[lg]ll iv0 = Qie (ZPH T3 argkren[llr;];Zjecg o(Hij = Qi)

We can rewrite the above expression of k; as k; = arg mingc[g| ||D1/2(H?,rfd - 0.7 II3. Thus, to
determine Z, it suffices to compute the matrix APed ¢ R"L and then find for each row of HPY the
closest row of Q. Of course, the same procedure is valid for minimizing £ with respect to ZP™¢ for
known Z* and Q.

Let us return to the general case ng = 0. In this case, we show that the minimization of £ with respect
to Z°"! can be done by solving a linear program. Indeed, let us define

K
$(Z) = -2t(ZQ(ZP™) 'H") + > 1] Z, 10, Dy,
k=1
Z(n.K.np) = {z € [0,1K : Z1x =1, and min 170> no}.
€

Note that ¢ is linear in Z, whereas 2 (n, K, ngp) is a convex polytope containing Z(n, K, ng).

Proposition 3. The following two claims hold.
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1. The function L(Z,Q,ZP™%) — ¢(Z) = ||H||2 is independent of Z.
2. The set of extreme points of Z (n, K,ng) is Z(n, K, ng). Equivalently, an element of Z (n, K, ng) is
an extreme point if and only if all its entries are either 0 or 1.

The set Z (n, K, ngp) is a convex polytope because it is defined by linear constraints. A well known
result (Bertsimas and Tsitsiklis, 1997, p 65, Thm 2.7) implies that if £(-, Q, med) has a minimizer in the
polytope Z(n, K, ng), then it has at least one solution in the set of its extreme points Z (n, K, ng). There
are many efficient solvers for finding such a solution, including linear programming (LP) solvers such
as the simplex method (Dantzig, 1963) or interior-point methods (Karmarkar, 1984, Mehrotra, 1992),
as well as specialized algorithms for vertex enumeration like the double description method (Motzkin
et al., 1953) or reverse search (Avis and Fukuda, 1996). These methods are implemented in optimization
libraries such as Gurobi (Gur, 2023), CPLEX (IBM, 2023), and CVX (Grant and Boyd, 2014).
Initialization The initialization of Algorithm 1 might have a strong impact on the final result. One
possible strategy is to run in parallel N instances of the algorithm with different initial values, chosen at
random. The final estimator is the one that minimizes £ among the resulting (N) candidates.

Another strategy, often used in conjunction with Lloyd’s algorithm, is based on spectral initialization.
When the graphon is piecewise constant, the problem under consideration is nothing but the bi-stochastic
block model for bipartite networks. Therefore, initial values (ZUt, med) can be obtained, for instance,
by the spectral method from (Zhou and Amini, 2019b). It consists in computing the K-truncated singular
value decomposition of a regularized version of matrix H, and then, in applying k-means clustering to
the K-truncated left singular vectors to obtain an initialization for Z"'. The procedure is similar for
Zprod.

Stopping rule As mentioned, the cost function is non increasing over the iterations, and it takes its
values in a finite set since there is only a finite number of configurations for (Z"t, ZP*9). This is why,
from a certain iteration onwards, the values of the cost function remain constant. However, the algorithm
may require a large number of iterations to achieve consistency. This suggests to stop iterating if either
two consecutive values of the cost function are equal or the maximum number of iterations is attained.

To conclude this section, we stress once again that there is no guarantee that the computationally
tractable algorithms we presented here provide the global minimum of the cost function L. However, as
can be seen from the numerical examples in Section 6, results are quite satisfactory.

5 Lower bounds on the minimax risk

In this section, we show that the least squares estimator WS achieves optimality among all possible
estimators in terms of its worst-case rate of convergence over the class ‘W), [K, L] of piecewise constant
graphons, as defined below. While obtaining sharp lower bounds for the class of Holder continuous
graphons is more challenging, such an analysis is beyond the scope of the present work.

Let {Ix = [ak,ar+1) : k € [K]} and Jp ={[b¢, bey1) : € € [L]} form a partition of [0, 1) into intervals.

K L
W,[K,L] = {W 0,112 > [0,p] : 3Ty, Uk st W=7 > W(a, bg)n,kw}.
k=1 t=1

The lower bound will be proven for the binomial model, but all the techniques used in the proof can be
extended to the other models presented in the introduction.

Theorem 4. Assume that conditionally to (U, V), the entries H; ; of the observed n x m matrix H are
independent, and each NH; j is drawn from the binomial distribution with parameter (N, W*(U;,V;)).
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Figure 2: Illustration of the optimality of the least squares estimator for N = 1. The purple area corresponds
to the values of n and m, for some fixed values of p and y = K/n = L/m, for which the lower bound is
within a constant factor of the upper bound. More precisely, when py? A p? + p(nm) =12 A p? + 202y
is larger than half of py? + (plog K)/(3m) + (plog L)/(3n) + 2p2\/7. We observe that unless p is very
small, the upper bound established for the least-squares estimator is within a constant factor of the lower
bound for all estimators for most values of n and m.

There exist universal constants ¢,C > 0, such that for any K, L > C satisfying KL > Llog* L + K log? K

and for any p > 0,
Ap+ ! A l/j- WIKMILI/Z
c - >
P N P P n m

where the inf'is over all possible estimators W and the sup is over all W* € ‘W, [K, L].

KL
Nnm

igjsupE[éz(W, W*)]l/2 > c\p (16)
w w*

The right-hand side of (16) should be compared to (14). It can be observed that when the values of ,
m, K, L, and p are such that the dominating term in the upper bound is either p(K/n)'/* or p(L/m)"/4,
the lower bound in (16) matches the upper bound in order. In this case, the LSE of the graphon is
minimax-rate-optimal. Similarly, if the dominating term is (0K L/(Nnm))'/? and p > KL/(Nnm), the
LSE remains minimax-rate-optimal. It is worth noting that when p is very small—specifically, smaller
than both KL/(Nnm) and (N2nm)~'/2—the lower bound in (16) becomes of order p, which may be
much smaller than the upper bound established for the LSE. This discrepancy is not an artifact of the
proof but reflects the fact that in such cases, the naive estimator W = 0 outperforms the LSE. Moreover,
this naive estimator is minimax-rate-optimal under the stated constraint on p. Figure 2 illustrates the
regions of n and m where the lower and upper bounds are of the same order, thereby confirming the
optimality of the LSE. Similarly, Figure 3 depicts the regions in the p—y plane, where y = K/n=L/m
(for fixed n and m), in which the lower bound exceeds half of the upper bound. Notably, even for highly
unbalanced graphs (m > n), the purple region almost fully covers the square, indicating that the LSE
remains minimax-rate-optimal throughout this region.
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Figure 3: Illustration of the optimality of the least squares estimator. The purple area corresponds to the
values of p and y = K /n = L/m, for some fixed values of n and m, for which the lower bound is within a
constant factor of the upper bound. We observe that unless p is very small, the upper bound and the
lower bound are of the same order.

6 Numerical experiments

In this section, we present the results of some numerical experiments illustrating the behavior of the error
of the estimated graphon WS and its dependence on different parameters of the model. We first consider
the case of piecewise constant graphons and study the estimation error of the matrix @*. We explore the
dependence of this error on n for different values of (p, K, L) (assuming that m =n/2) as well as on the
sparsity parameter p for different values of (n,m, K, L). We then show the results of the estimation for a
Holder-continuous graphon, when parameters K and L are chosen as functions of n and m respectively,
as recommended by our theoretical results. In all our experiments, the entries H;; are binary, taking
values in {0, 1}. This corresponds to the conditionally Bernoulli model, or the conditionally binomial
model with N = 1.

Estimation error of the block-constant matrix @  We report the results of two different experimental
set-ups, referred to as rand-graphon and cos-graphon. The two setups differ in the choice of the graphon
only. In both cases, the partitions on which the graphon is piecewise constant is the regular partition
induced by the rectangles of the form [(k — 1)/K,k/K) X [(£ = 1)/L,£/L) for k € [K] and £ € [L]. In
the rand-graphon set-up, the values of W* are chosen uniformly at random between 0 and p, while in the
cos-graphon set-up, W* is defined as

W*(u,v) =2p/3+ (p/3) cos (3n| Ku]| Lv]), Yu,v € [0,1].

The results obtained in these two set-ups are depicted in Figure 4 and Figure 5, respectively. In each
experiment, we chose m = n/2 and computed the median of the squared error # [|®@ - 0O II% for 50

independent repetitions. The estimator @ was computed by Algorithm 1.

For better legibility, the errors in the plots are presented using a log-scale. To check the consistency of
the numerical results with our theoretical results, we plotted (in green) the remainder term appearing
in the upper-bound in theorem 1. We also displayed the oracle error (red curve) corresponding to the
error of the best pseudo-estimator that is built with the knowledge of the true left and right cluster
matrices. We only computed the block averages in this case. The labels “spectral” and “random” refer to
the initialization process used for the algorithm. To display the uncertainty, we plotted colored areas
corresponding to the quantiles of order 0.1 and 0.9, respectively. (One may be surprised by the fact
that this area grows with n in some cases; this is an artifact of the log-scale). In Algorithm 1, we chose
v = 1073 and the maximum number of iterations equal to 40.
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Figure 4: Graphon estimation in the rand-graphon set-up.

The experimental results reveal a clear trend: In the vast majority of cases, the error of the “spectral”
version decreases as n increases. Furthermore, when p takes on larger values and both n/K and m/L are
sufficiently large, the error of the estimator converges to that of the oracle. This behavior aligns with
intuition: A larger p corresponds to a higher density of links, which facilitates more accurate estimations.
Similarly, larger values of n/K and m/L enhance the estimator’s accuracy.

In contrast, the “random” version of the algorithm exhibits more erratic behavior. In most cases, its
error exceeds that of the “spectral” version, especially when the ratios n/K and m/L are large. Our
empirical study further reveals that, in scenarios with a large number of communities, the performance
of the “spectral” version degrades, and its accuracy becomes comparable to that achieved by random
initialization.

Estimation error for Holder-continuous graphons To illustrate the behavior of the estimator of the
graphon in the Holder-continuous case, we consider the function displayed in Figure 6 and given by

W (u,v) =5 (1+exp{ = 10((u = 1/2)* + (v = 1/2)*)}).

This function being Lipschitz-continuous, we have @ = 1.

The average squared error of estimation over 50 repetitions for different values of n and p is depicted
in Figure 7. Since the true distance ¢ is prohibitively hard to compute (because of the minimization over
all measure preserving bijections), we computed an approximation of it denoted by 5. Roughly speaking,
§ is obtained from & by replacing the minimum over all bijections 71, 72 by the value of the cost function
at the particular instances of bijections, 7, and 7, used in the proof of Proposition 1. More precisely,
if o; and o are permutations of [n] and [m], respectively, such that the sequences (U'ffl (l.))ie[n] and

(Vo_z—l (_;‘)) je[m] are nondecreasing, then 7 (u) and 7, (1) are given by

o(n)

R 3] LU TR

i=1
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Figure 5: Graphon estimation in the cos-graphon set-up, W*(x, y) = %p + 'g cos (3r|Kx|[Ly]).
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In the numerical experiments, the integrals appearing on the right-hand side of the last display are
approximated using Riemann sums. Interestingly, the error curves obtained through Monte Carlo
simulations closely match the shapes predicted by the theoretical results. Notably, and somewhat
unexpectedly, the random initialization performs as well as the spectral initialization. At this stage, we
do not have a clear explanation for this observation.

7 Conclusion and Outlook

In this paper, we studied the problem of estimating the conditional mean of a random matrix generated
by a bivariate graphon and unobserved latent variables. Our work establishes the fundamental limits of
estimation in this setting within a nonparametric framework encompassing both piecewise-constant and
Holder-continuous function classes. Our analysis focused on deriving finite-sample risk bounds for two
types of estimators: the least-squares estimator, which minimizes the squared error over block-constant
matrices with a fixed number of clusters, and the exponentially weighted aggregate, which adaptively
combines these least-squares estimators. These results apply not only to adjacency matrices of bipartite
graphs with Bernoulli-distributed entries, but also extend to other distributions, such as binomial, scaled
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Figure 7: Evolution of the estimation error for a Lipschitz graphon, m =n/2.

Poisson, and sub-Gaussian. We demonstrated that the least-squares estimator achieves rate-optimal
performance in the minimax sense across a broad range of regimes, including sparse and dense graphs as
well as low-noise settings. The derived risk bounds highlight the dependence on key parameters such as
the matrix dimensions n and m, the smoothness of W*, the sparsity parameter p, and the noise level o.

To address the computational intractability of the least-squares estimator, we proposed an adaptation of
Lloyd’s algorithm based on alternating minimization and convex relaxation, providing a computationally
tractable approximation. It is important to acknowledge, however, the existence of a computation-
information gap in graphon estimation, as demonstrated in (Luo and Gao, 2024): the rate of convergence
for computationally tractable algorithms, such as those representable as low-degree polynomials of the
input matrix H, can be provably worse than that of the least-squares estimator. While our Lloyd-type
algorithm is not itself a polynomial of H, it is reasonable to expect that its error rate may suffer from a
similar degradation, particularly in regimes where the number of blocks KL is large.

Several important directions remain open for future research. First, the statistical complexity of the
Lloyd-type algorithm warrants further investigation. Understanding its convergence properties and the
rate of convergence of its risk, in the spirit of (Balakrishnan et al., 2017), for both piecewise-constant and
Holder-continuous graphons are interesting avenues to pursue. Second, an important direction involves
relaxing the assumption that two independent data copies are available for constructing an adaptive
estimator. While this assumption ensures theoretical tractability in our analysis of the exponentially
weighted aggregate, it may not always hold in practice. Exploring ways to relax it, potentially by
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integrating suitably chosen complexity penalties into the least-squares framework, is a natural next step.
Finally, while our framework assumes that the graphon W* is defined on [0, 1]? and that latent variables
are uniformly distributed on [0, 1], these assumptions are less restrictive than they may appear. Using
the probability integral transform of the latent variables, our setting can be shown to be equivalent to the
general framework in which latent variables are drawn from arbitrary continuous distributions. However,
this transformation may break the smoothness of the original graphon. Therefore, further exploration of
the robustness of our methods to the choice of latent distribution is left to future work.

8 Proof of Theorem 1 (risk bound for ©S)

Let us define [15-(@*) = argmingc 7 ||® — O||g, the best approximation of @ in Frobenius norm by a
block-constant matrix. The matrix [17-(©") has at most K L distinct entries each of which is the mean of
the entries of a submatrix of @*. Since @ = Z"'Q(ZP™)T is the least square estimator, we have

~ o [12
1 - O] < || - 1170 (17)
Let us define the mean-zero “noise” matrix E=H — E[H] = H — @*. We infer from (17) that
18- 07| < 0" - T17-(0")[[ +2(® - 0", E) + (0" ~ [17(0"), E). (18)

The expectation of E being zero, the same is true for the last term in the right-hand. We want to bound
the expectation of (@ — @*, E). To this end, we define

7 ={0: 3Q e RE*L such that @ = Z**'Q(ZP™) T} c T,

and let [1=(©) = argmin |® — O || be the best Frobenius approximation of @* in 7. We use the

decomposition

06’7"

(0-0",E)=(I1~(0") - 0",E) +(0 - [1-(0"),E). (19)

1 =2

1

Lemma 1. Under the conditions of Theorem I, we have

E(21) < oy2(nlogK +mlog L+ 1)E[[|® - ©*|12]> + bp(nlog K + mlog L +1).

Proof. The main steps of the proof consist in applying the Bernstein inequality to Z; for a fixed @
instead of I1(0"), using the union bound and then integrating the high-probability bound. For the first
step, let @ € R™*™ satisfy ©; ; € [0, p] for every (i, j) € [n] x [m]. By definition of the inner product,
we have (@ — O, E) =3 (; j)e[n]x[m](® — OF);;E;j. The random variables E;; are independent and
satisfy the (02, b)-Bernstein condition. The nm-vector with entries (@ — ©");; has an infinity norm
bounded by p. Therefore, the version of the Bernstein inequality stated in (Donier-Meroz et al., 2024,
Lemma 12) implies that for all x > 0, we have

P((@ ~©",E) > V2x |0 - 0| +bpx) <e ™.

Let us define Qz 7/ = {(ZC“S[, Zpr"d) =(Z,Z")}, for each pair of matrices Z € Zy, g n, and Z’ € Zyn,1.,mq-
On the event Qz 7z, the matrix H;(@*) is deterministic and its elements are arithmetic means of the
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elements of ©". Hence, 0 < (I1=(0"));; < [|0*||« and
P ({(n(}(@*) - 0".E) > V2x o||[TI~(0") - O"[|r + bpx} N QZ,Z,) <e .
Note also that the cardinality of Z, k », is at most K". Therefore, the union bound leads to

P((N(0") - 0", E) > V2xp o [17(0") - O[|¢ + bpor’x)

< ) P({(13(0) - 07, E) > Vaxol[l:(0") - O[[f + bpx} N Q7.2 ) <K"L™e™,
(Z,7)

where in the first inequality in the above display the sum is over (Z,Z’) from the set Z,, .k ng X Zm,L,my

and the factor K" L™ corresponds to an upper bound on the cardinality of this set. Finally, choosing
x=nlogK +mlogL +1t for some ¢ > 0 and using the basic inequality uv < Au? + v?/(41) entails

2

P(E] > A|M-(0") - 072 + (‘2’7 +bp)(nlogK+mlogL +t)) <e!

for any 4 > 0. Lemma 11 from (Donier-Meroz et al., 2024) yields
o2
B(21) < AE[I117(@") - 0 2] + (ﬂ +bp)(nlogK +mlogL+1)
—~ 0'2
< /UE[H@ - ®*||%] + (ﬁ + bp)(nlogK+ mlogL+1).
Optimizing with respect to 4 > 0, we get the claim of the lemma. [
We now switch to the evaluation of E(Z;). To this end, we first notice that

E(Sp) = E[(TI:(H) - 1:(0"). E)] = E[(I~(E). E)] = E[INLA(E)|2].

Lemma 2 (Donier-Meroz et al. (2024)). Under the conditions of Theorem 1, we have
E[INZ(E)|I}] <4(b+0?)(3KL +nlogK +mlog L) (2p + birn m(no,mo)).

To ease notation in the rest of the proof, let us set A =nlogK + mlog L. To conclude, we use the
bounds on E; and E, obtained in Lemma 1 and Lemma 2, respectively, as well as decompositions (18)
and (19). Since E[{®* — [15(0*),E)] = (@* — [14-(O), E[E]) = 0, we arrive at

E[10 - 0°[F] < 0° ~T170°||7 + 2E[E;] + 2E[=, ]
<|1O* — 70|12 +20v2(A + D) E[[|© — O%||2]* + 2bp(A + 1) + 2E[E,].

One can check that the last inequality leads to

(E[I1® - ©[12]"* - ov2(A+ 1))* < 0" ~ TI7(O")||2 +2(A + 1) (0 + bp) + 2E[Ep].
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This readily yields

E[[|® - 021" < ||0" —TI(0%)||r + o v2(A + 1) + (2(A + 1) (0 + bp) + 2E[E,]) "
< 1O —TI(0") || + ((A + 1) (80 + 4bp) +4E[,])
<O —TI7(0%) || + (1702 + 4bp +8b>W m(no, mo)) " BKL + A)',

where in the second line we have used the inequality vx ++/y < 4/2x + 2y. Finally, under the condition
Yn.m(no,mp) < (0/b)?, we get the claim of Theorem 1.
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